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1 Introduction

The main objects of this thesis are polar varieties P(X, V'), their rational classes p;(X) called polar
classes and their degrees p;(X) are called polar degrees. Polar varieties P(X, V') are subvarieties
of projective varieties X C P" that records non-transversal intersections relative to projective
subspace V. They were initially defined to compute characteristic classes of smooth manifolds,
and to classify the projective varieties. A modern treatment of polar varieties was developed in the
1930s by Francesco Severi (1879-1961) in [33, 34] and afterwards by John Arthur Todd (1908-1994)
in [37, 36].

The history of polarity and reciprocity, dates back even further to the works of Blaise Pascal
(1623-1662) on conics, and Jean-Victor Poncelet (1788-1867) on poles associated with conic section,
leading to the principle of duality in projective space. These notions led to the development of
the earlier notions of reciprocal polar varieties. For more historical discussion on polar varieties,
we refer to the [27] and [35].

With the development of modern algebraic geometry, polar classes became a tool to compute
invariants such as Chern classes and Segre classes using polar classes |7, 13, 14, 20]. Beyond their
geometric applications, they also have applications in applied algebraic geometry; to name a few:
solving real polynomial systems [3, 4, 5, 6], the calculation of witness sets [25, 32|, optimization
questions such as the Euclidean distance degree [17], polyhedral norm optimization [40], the cal-
culation of bottle neck degree [30], and critical points [16]. This list is not exhaustive, but shows
their importance in applied mathematics.

This thesis investigates the geometry of classical polar varieties, reciprocal polar varieties, and
higher-order polar varieties, with a focus on their applications to distance optimization problems
in metric algebraic geometry.

We start Section 2 with preliminaries to build a projective geometry and linear algebra back-
ground that we use throughout the thesis. Afterwards, the rest of Section 2 is devoted to under-
standing classical polar varieties, their geometry in projective and affine spaces. Then, we present
two equivalent definitions, one of which allows us to see them as a pullback of special Schubert
varieties through the Gauss map 75" (X,,), and the other as a projection of a pullback of dual linear
subspace m; (1, 1 (V")), where the notion of dual is defined through conormal variety C N (X); both
have different advantages over one another. In the last part of Section 2, we give two different
computational approaches to defining polar varieties using rank conditions on matrices, relating
the classical polar varieties to papers [32] and [2].

In Section 3, we first introduce the notion of polarity L in projective space P™ using a non-
singular quadric @ = V(q), which allows us to work with orthogonal complements in projective
space. Afterwards, by taking the polar of projective subspace K;-, we define the reciprocal polar
varieties W[% (X) as a subvariety of projective variety X, by the nontransversal intersection of X

with (K + p)t. We give many examples in the affine case, and investigate the behavior of the



affine reciprocal polar varieties when the flag of projective subspaces KC is contained within the hy-
perplane at infinity H.,. Finally, we prove how the degree of affine reciprocal polar varieties is the
Euclidean distance degree which is defined to be number of complex critical points of Euclidean
distance optimization.

The main goal of Section 4 is to first define osculating spaces T’;( f) which are generalizations
of projective tangent space T,(f), and generalize classical and reciprocal polar varieties to higher-
order classical and reciprocal polar varieties. In the first part of Section 4, we change our language
from defining equations V(Fi,..., Fy) to morphisms to projective space f : X < P" in order
to define osculating spaces Tf(f) using jet matrices A]E,k)( f). We compute the general formula of
osculating spaces for degree 1,2 and 3 curves in A3. In the end we define higher-order classical polar
variety Pr;(f, V), and define the higher-order normal spaces Nék)( f, Q) to define the higher-order
reciprocal polar variety Wi (f, K;).

In Section 5, we begin with an introduction to intersection theory to build the necessary
language to work with polar degrees ;(X), and prove that polar degree does not depend on the
projective subspace V for generic V. Afterwards, we prove the relationship between polar degrees
p;(X) and multidegrees §;(X), where multidegrees §;(X) are defined to be coefficients of rational
class of conormal variety [CN(X)]. Then using the results of [24], we prove many interesting
properties of polar degrees p;(X). As a first application, we use the reciprocal polar varieties
Wi (X) to prove a well known result stating that Euclidean distance degree EDdegree(X) equals
to the sum of polar degrees > " 1;(X). As a second application, we first define the polyhedral
distance which is a norm ||-|| g whose unit ball B is a centrally symmetric full dimensional polytope.
Then we discuss the polyhedral distance optimization problem, which is an optimization problem
where norm is given by polyhedral distance. An example for polyhedral distance optimization is
optimal transport in algebraic statistics given by polyhedral norm Wasserstein distance. In the
end of the chapter, we show how polar degrees p;(X) governs the complexity of the polyhedral
distance optimization problem.

After studying, the existing notions in the literature, we use the last Section 6 to show future
directions. In particular, we look at higher-order polyhedral distance optimization problem, using
the similar approach given in [31] for Euclidean distance optimization. For a curve given as a image
of a morphism f : A' — A" with full rank (n — 1)-jet matrix, we define higher-order distance loci
PL,—1(f), using the (n — 1)-th order higher-order normal spaces Nén_l)( f). We then give an ideal

description of this contruction and prove that it contains the higher-order distance loci PL,,—1(f).



2 Classical Polar Variety

2.1 Preliminaries

Since we are defining most of our objects in projective space P", we begin by recalling some
constructions and facts that will be used throughout.

Let k be a field of characteristic zero, in most of the cases, we work over complex numbers
k = C or else real numbers k = R. The projective space Py is the set of all 1-dimensional lines
in AI’ZH. If the ground field k is clear from the context, we denote the projective space as P™ and
affine space as A" without the subscripts.

The notation for the affine cone of P" is always A", Recall that we say a subset V C A"t}
is an affine cone if 0 € V and V is closed under scalar multiplication, that is, for all A\ € k and
pE V we have Ap € V. Note that any linear subspace of A"*! is an affine cone in particular A"+!
is an affine cone over P".

Let V C A"*! be affine cone then projectivization of V is the set

P(V)={[zo: - : 2] €P"| (z0,...,7,) €V}
where [z : - - : z,] are the homogeneous coordinates.
The point € P" can be written in its homogeneous coordinates * = [xg : --- : z,]. The

affine representative of x is # € A", so we have x = [2]. Any two affine representatives of the
same point differ by a nonzero scalar multiple. We call a subset V' C P" a projective subspace
of dimension k, if there is a vector space V C A™! of dimension k + 1 such that V = IP’(V) In
particular, we have dim(P(V))+1 = dim V. We use the convention that empty set () is a projective
subspace of dimension —1, that is dim(()) = —1, and points p € P™ are projective subspaces of
dimension 0, that is dim(p) = 0.

Given two projective subspaces V and W in P™, we write V +W for the projective span (join) of
V and W. It is defined to be the smallest projective subspace containing V UW . If however V and

W are the linear subspaces of A""!, we use the same notation for the direct sum V 4+ W C AL

Lemma 2.1. Let V and W be projective subspaces of P such that V. C W. Let A be another
projective subspace of P", then we have V+ A CW + A.

Proof. V + A is defined to be smallest projective subspace containing V' U A, we have V U A C
WUAC W+ A. Since W + A is defined to be the smallest projective subspace containing
W U A, and since any projective subspace containing W U A must contain V' U A, the minimal
such subspace V + A must be contained in W + A. [ |

Lemma 2.2. For two linear subspaces V, W C A" we have the following properties of projec-

tivization:



1. (Monotonicity) V. C W implies P(V) C P(W)
2. (Respects intersection) P(V N W) = P(V) N P(W)
3. (Respects sum) P(V + W) =P(V) +P(W)

Proof. We first show the monotonicity property. Let x € ]P’(V), then there is # € V such that
x = [2]. Since V C W, we have # € W, hence z € P(W).

To show the second claim, we first use the monotonic property of projectivization to show one
direction. See that VNW C V and V NW C W, therefore by taking projectivization of both
of the subset relations and taking intersections, we get P(V N W) C P(V) N P(W) which shows
the one direction. For the other direction, let x € ]P’(V) N P(W), then there is nonzero o € V and
W € W such that « = [0] and 2 = [i]. Note that © = Mb for some A € k*, therefore 0 € W, hence
= [0 e P(VNW).

Now for the last claim, we use the monotonic property of projectivization again. Since vV C
V+Wand W CV+W by taking projectivization of both of the subset relations and joining
them, we get P(V)+P(W) C P(V +W). For the other direction, let 2 € P(V +W) then 2 = [0+1]
for some ¢ 4w € V + W. Then

[0] € P(V) CP(V)UR(W) C (V) +P(W)

and

[b] € P(W) C P(V)UP(W) C P(V) +P(W).

~ A ~

Furthermore since P(V') 4+ P(W) is defined to be smallest projective subspace containing P(V) U
P(W) there is a linear subspace U C A" such that P(V) + P(W) = P(U). Therefore, 0, € U
[

A ~

hence z = [0 4+ 0] € P(U) = P(V) + P(W).
A lemma that we are going to use throughout the thesis is called the Grassmann Formula.

Lemma 2.3 (Grassmann Formula). For two projective subspaces V- and W in P™, we have the
identity:
dim(V) 4+ dim(W) = dim(V + W) + dim(V N'W)

Proof. Since V and W are projective subspaces of P, there has to be V and W linear subspaces
of A" such that V = ]P’(V) and W = P(W) Furthermore using the properties of projectivization

we have

~ A

V+W=PV)+P(W) =PV +W)

and

~ A

VAW =P(V)NP(W) =PV NW).



Now, if we apply the second isomorphism theorem of vector spaces for V and W we have the
following isomorphism )
Vv W + V
vaw oW
Therefore, on dimensions we have dim(V)—dim(VNW) = dim(W +V)—dim(W). By rearranging,

we get

dim(V) 4+ dim(W) = dim(W + V) + dim(V N W).

Now see that

dim (V) + dim(W) = dim P(V) + dim P(1/)
= dim(V) — 1 4 dim(W) — 1
= dim(W + V) =1 +dim(VNW) -1
= dimP(W + V) + dimP(V N W)
= dim(W + V) + dim(V N W)

which is exactly what we wanted to show. [

Similarly, a fact on on homogeneous polynomials that we are going to use several time is Euler’s

relation.

Proposition 2.4 (Euler’s Relation). Let F' € k[zg, x1,. .., x,] homogeneous of degree d. Then we
have the following equality.
. L OF

- F.
8 =d

i=0
Proof. It is enough to prove the statement for a monomial F = z° ... z5", where ) " ja; = d and

a; are nonnegative integers, because taking partial derivatives and multiplication distributes over

sum, and any homogeneous polynomial of degree d can be written as a finite sum of monomials

of degree d. The monomial case holds from a direct computation % = ouxd® .. T o
therefore xza = o;F hence Y7, x; 28 Bx =(+ - +a,)F=d-F. [ |

For the rest of the thesis X C P" will always be a smooth irreducible projective variety. Most
of the statements are proved in more generality in their respective papers; however, we will keep

X smooth and irreducible to achieve a better geometric understanding. The defining equations of

X =V(Fy,..., F) where F; are homogeneous polynomials for each i. The Jacobian matrix of X
denoted as Jx is
Oxg OTn
JIx = : :
dxg Oxn



Note that the Jacobian matrix Jy is a matrix of polynomials of size s x (n + 1). For a point
p € X and any affine representative p of p, we can evaluate the Jacobian matrix at p to get a
matrix with entries in k. Because the defining equations F; are all homogeneous, replacing p with
Ap does not affect the row span; hence, the kernel ker 7x(p) only depends on the homogeneous
coordinate p = [p]. The tangent space of X at p € X denoted as 7, X is given by projectivization
of the kernel of the Jacobian matrix of X evaluated at the point p. That is, 7,X = P(ker Jx(p)),

here we evaluate the Jacobian matrix [Jx at the point p for any representative of p.
Lemma 2.5. Let p € X then we have p € T, X.

Proof. Since p € X we have F;(p) = 0 for each i € [s]. Let i € [s] be arbitrary, since Fj is
homogeneous say degree d;, then by Euler’s relation 2.4 we have VF; - x = d;F; where - denotes
the dot product. Now evaluating at p for any representative of p, we see that VF;(p)-p = 0. Since
i was arbitrary we see that p € ker Jx(p) hence p = [p] € T,X. |

To visualize our projective varieties X, we are going to look at their affine chart. Let H., be the
hyperplane at infinity, although it can change in all our examples it will be given by H., = V(zy).
We denote A™ := P™ \ H,, to be the affine chart where xy # 0 and we identify the points with
xo = 1 by dehomogenization. We will denote Y := X N A" to be the affine part of the projective
variety. The defining equations of Y are V(fi,..., fs) where f; is dehomogenized polynomial F;,
that is fi(z1,...,2n) = Fi(1,21,...,2,). Note that if X ¢ H,, then Y # (), therefore we will
assume that X is not contained in the hyperplane at infinity. Furthermore, if X is smooth, then
Y is also smooth.

We recall some basic linear algebra facts that will be used throughout the thesis. We start

with the rank—nullity theorem; a proof can be found in any standard linear algebra textbook.

Theorem 2.6 (Rank-Nullity Theorem). Let U and V be k-vector spaces and let f : U=V bea

k-linear transformation then
dim(U) = dim(ker(f)) + dim(Im(f))

The following lemma is going to enable us to show equivalent definitions of polar varieties.

Lemma 2.7. Let U,V,W be k-vector spaces and f : U— V and g : V = W be two linear

transformations then we have both
dim(Im f) = dim(Im(g o f)) + dim(ker g N Im f) (1)

and

dim(ker(g o f)) = dim(ker f) + dim(ker g N Im f) (2)



Proof. To show the first relation (1), we first define ¢’ : Im f — W as the restriction of g on the
image of f, then see that kerg’ = kerg N Im f and Im ¢’ = Im(g o f). Now using rank nullity

theorem 2.6 on ¢’ we get
dim(Im f) = dim(ker ¢') + dim(Im ¢') = dim(ker g N Im f) + dim(Im(g o f)).

To show the second relation (2), we use rank nullity theorem 2.6 on both f and g o f to get
the equations

dim U = dim(ker f) + dim(Im f)

and

dim U = dim(ker(g o f)) + dim(Im(g o f)).

now using (1) and by equating the relations on dim U we get

dim(ker(g o f)) = dim(ker f) 4+ dim(Im f) — dim(Im(g o f))
= dim(ker f) + dim(ker g N Im f)

which concludes the proof. [ |

Finally, since we are going to write projective subspaces as the projectivization of the image of
a linear transformation, we frequently use the characterization of the rank conditions of matrices

via minors.

Theorem 2.8 (Matrix Rank Condition via Minors). Let A be a n x m matriz with entries in a

field k. Let ¢ < min(n,m), then we have rk(A) < ¢, if and only if all ¢ X ¢ minors vanish.

Proof. (=) Take arbitrary ¢ columns from the matrix A. Since rk A < ¢, the ¢ columns must
be linearly dependent. Any ¢ rows of these ¢ columns, continue to be linearly dependent. So
corresponding ¢ X ¢ submatrix has determinant 0. Since, we have chosen arbitrary ¢ columns and
c rows, it must be the case that all ¢ X ¢ minors vanish.

(«<=) We prove the contrapositive of the statement. Assume that rk A > ¢, then there should
be at least ¢ columns of A such that they are linearly independent. Call the n x ¢ submatrix A’.
Since ¢ < n, the submatrix A’ is full rank, that is rk A’ = ¢, implies tk(A")T = ¢, therefore there
must be ¢ linearly independent columns of (A’)”. Therefore ¢ x ¢ submatrix of (A’)” must have
nonzero determinant. Since this ¢ X ¢ submatrix of (A’)7 is also a submatrix of A, we have found

a nonzero ¢ X ¢ minor of A. [ |

2.2 C(Classical Polar Varieties

For rest of the chapter, assume X is smooth irreducible projective variety in P"” where the field

is k = C. We write the dimension dim X = m and codimension codim X = ¢, and its defined by

10



X =V(Fy,...,F;). The first and the main definition of a polar variety with respect to a subspace
is given as a set of points at the variety whose tangent space has a non-transversal intersections

with the subspace. We recall the definition of a non-transversal intersection.

Definition 2.1. Let V' C P" be a projective subspace. We say that V intersects X non-transversely
at pe X, if p e V and dim (V' 4+ 7, X) < n and it is denoted as V' ff, X.

Example 2.1. Let X be a smooth curve in P2. Since it is one dimensional, the tangent space
at any point of X is one dimensional. Then every line that intersects X does so non-transversely

since the total dimension does not equal to the dimension of the ambient space. A
Definition 2.2. [10, Definition 4.2] The polar variety of X C P" with respect to a subspace
V CP"is

P(X,V):={pe X |V + pintersects X at p non-transversely }.

For generic projective subspace V of dimension dim V' = ¢+1i—2 for some i € {0,...,m = dim X},
the set P(X,V) is called the i-th polar variety, it is denoted as P;(X, V') and its degree u;(X)
is called the i-th polar degree. The reason we omit the projective subspace V' in the notation of

polar degree 1;(X) is for a generic V' the degree does not depend on V.

Remark 2.1. An equivalent way of writing (V' +p) i 7, X which will be used throughout the thesis

1S

dim (V N7T,X) > dimV — codim X. (3)

This can be shown as follows

n > dim((V +p) + T,X)
=dim(V + 17,X)
=dimV +dim7,X — dim(V N7T,X),

where we used the definition of non-transversal intersection, the Lemma 2.5 on p € T, X, Grass-
mann formula 2.3 and finally reordering.

Furthermore, for the i-th polar variety since dim V' = ¢+ i — 2, the equation (3) becomes
dim(VNT,X)>i—1 (4)

We note that some authors define the polar varieties using equation (4) instead of non-transversal

intersections; however, both definitions yield the same polar variety.

Example 2.2. [10, Example 4.4] We note that the polar variety for i = 0 is the variety X itself
that is Py(X, V) = X in particular 1o(X) = deg X. To see that, by equation (4), the polar variety
equals to Py(X,V) ={pe X |dim(VNT,X) > —1.}. Since dim (V N7T,X) > —1 holds for all
points in p € X, we have P(X, V) = X, hence po(X) = deg X. A

11



Example 2.3. Let the ambient space be P? with homogeneous coordinates [zg : 1 : 3], let the
projective variety be X = V(2% + 23 — 22) C P?. In the affine chart Y = X NA" = V(2% + 23 — 1)
defines a circle with radius 1 centered around the origin. For : = 0, we have seen in the Example
2.2 that P(X,V) = X. For i = 1, the dimension of V' is dimV = 0, therefore the projective
subspace V is a single point, which we denote as v = [vy : v; : v9] € P2. Note that since X is a
hypersurface (a codimension 1 variety), the projective line spanned by v and p denoted as v + p
intersects X at p non-transversely if and only if v + p is contained in T, X.

We are looking for points p € X whose tangent space contains the line spanned by v and p,
v + p. As shown in the lemma 2.5, p is already a point in 7, X, making this condition equivalent
to v contained in 7, X. The equation for tangent space of X at p is the kernel of the row vector
(—on 2p1 2p2>. Therefore, the condition that v € T, X can be given by the following system

of equations:

—2p0U0 + 2p1U1 + 2]921)2 = 0 (5)
pi+ 15 —pp =0, (6)

where (5) is the condition for v lies in the tangent space 7, X and the (6) ensures that p € X.
Let us visualize the first polar variety in the affine chart, analyzing case by case when vy is
nonzero and when it is zero.
For vy # 0, we can scale the coordinates without loss of generality to write v = (1 : vy : vg).
For example for v; = 2 and vy = 0, the point is v = (1 : 2 : 0), and the (5) becomes —2py+4p; = 0.
In the affine chart zo = 1, this is the line z; = { intersected with the circle z 4+ 23 = 1 as shown

in the Figure 1 below.

Figure 1: The circle intersecting with the line x; = %

The points of intersection are exactly the two points in X which is shown in color grey whose

tangent line passes through the purple point v. This is illustrated in the Figure 2 below:

12



Figure 2: The first polar variety of X are the 2 points whose tangent spaces passes through v

If g = 0, then v = [0 : v; : vy is a point in hyperplane at infinity H., = V(z¢), which
corresponds to a direction in A%, For example if v; = 1 and vy = 0, the point v = [0 : 1 : (]
represents the z; direction in A%. The tangency equation (5) then reduces to p; = 0, which means
we are intersecting X with z; = 0 giving two points in the circle colored in red, as seen in the

Figure 3 below:

Figure 3: The circle intersecting with the line xy =0

This can also be thought as the point (v, vy) reaches to infinity in the x direction. Therefore
the polar variety is capturing the directions of the the tangent space of the variety.

To better understand the underlying geometry, we can visualize P? via its affine cone A3. In
all of the following figures, the axes z, z,y corresponds to xg, x1, s respectively.

In the Figure 4 the point v = [1 : 2 : 0] corresponds to the line passing through the origin in
A3. Since projective span of two points translates to an affine plane in the affine cone, the first

polar variety is the points on X whose projective tangent spaces passing through the v.

13



Figure 4: Affine cone of P? with the tangent spaces of X and the point v is visible.

In the Figure 4 the cone centered at the origin is the affine cone for the X = V(23 + 23 — 22).
The black line through the origin passing through the blue point is the line (1 : 2 :0). The plane
where the blue point lives in in is the z = 1, that is g = 1 plane. The section of this plane is
exactly the Figure 2.

Similarly, Figure 5 illustrates the case where the point v lies in the hyperplane at infinity. Here,

the polar variety captures the points in X whose tangent spaces are parallel to the direction of v.

Figure 5: Affine cone of P? with the tangent spaces of X and the point v is visible.

Here in this picture the black line passing through the origin is the direction v = (0 : 1 : 0)
and the two blue points on the circle is the first polar variety. Note that the tangent space of X
at the blue points as shown as planes in the figure is containing the black line v.

In summary, this examples demonstrates two different geometric behaviors of polar variety.
When the projective subspace V is contained in the hyperplane at infinity, the polar variety
identifies points on X whose tangent spaces have a specific direction. When V' lies in the affine

plane, the polar variety consists of points whose tangent spaces pass directly through v. A

When we pass from the P? to the P? the affine cone picture is harder to visualize since it is

A*, however the picture for polar variety in the affine chart becomes more clear.

14



Example 2.4 (Ellipsoid in P?). Let X = V(127 + o753 + c323 — 23) C P3, and V be a projective
subspace in 2. We consider the i-th polar varieties P(X,V) where i = 0,1, 2.

For the case i = 0, we have already seen from Example 2.2 that 0-th polar variety is always
the X itself.

For the cases where i # 0, similar to the discussion in Example 2.3, since X is a hypersurface,
V + p intersects X at p non-transversely if and only if V + p C T, X. However, since p € T, X
this condition simplifies to V' C T, X. The projective tangent space 7, X at a point p € X is given
by the kernel of the gradient row vector <—2p0 2c1p1 2¢9po 2cgp3>. Therefore, the defining
equation for T),X is

—PoTo + C1P1T1 + Copas + c3psxz = 0.

For ¢ = 1 the dimension of V' is dim V' = 0. Therefore, the projective subspace V is a single
point, denoted as v = [vg : vy : vy : v3) € P3. The condition V' C T,X simply means v € T,X in
this case. Therefore, the first polar variety P(X,v) is given by the system of equation

—UgPo + C1U1p1 + CaU2pa + c3vzps = 0
clpf + Cng + 63p§ — pg =0.

This is an intersection of hyperplane with an ellipsoid therefore for generic v, this system defines
a curve contained in ellipsoid X. We can analyze the curve by considering the case that v lies in
the H., or in the affine chart A3.

In all of the following figures, we took ¢; = 1,¢cy = 2, ¢35 = 3 and the axes x,y, 2z corresponds to
X1, g, T3 respectively.

If v lies in the affine chart that is vy # 0, for example v = (1 : 2 : 0 : 0) then the first polar

variety of X is the curve defined by intersecting x; = % with the ellipsoid.
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Figure 6: The first polar variety of X with respect to an affine point v.

The gray point on the z-axis is the v = (1 : 2 : 0 : 0) in the affine chart. The blue curve
contained in the ellipsoid is the first polar variety P(X,v). Note that for each point in the blue
curve which is the first polar variety the tangent planes are passing through the point v as shown

in the figure below.

Figure 7: The first polar variety of X with respect to an affine point v. The curve consists of the
points on X whose tangent planes passing through v

If v lies in the hyperplane at infinity vy = 0, then it represents a direction in A3. The first

polar variety is a curve consists of all the points on the ellipsoid whose tangent plane is parallel

to the direction of v, as shown below.
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Figure 8: The first polar variety of X with respect to an affine point v € H,.

For the case ¢ = 2, the dimension of V is dimV = 1; therefore, the projective subspace V
is a line L C P3. A line L in P? is determined by the projective span of two distinct points
v = [vg: v e vg) and w = [wy : wy : wy : ws)]. To satisfy the condition L C T,X, both the
basis points v and w must lie in 7, X. Hence, second polar variety P(X, L) is given by the system

equations.

—vppo + C1U1P1 + CoUaP2 + c3vsp3 = 0
—wWoPo + crwip1 + Cawaps + cz3wzpz = 0

clpf + Cng + 03p§ — pg =0.

First two equation define a line in P?, whose intersection with ellipsoid consists of two points.

Figure 9: The second polar variety of X with respect to an affine line L

Here the black line passing through v and w, is the L in the affine chart. The blue points on

the ellipsoid are the two discrete points representing the second polar variety. Note that tangent
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space of the ellipsoid in blue points are exactly the points whose tangent plane is containing L.
Furthermore if we combine the figures of all the polar varieties we can see their subset inclusions

as well.

\\"

Figure 10: P(X,L) C P(X,v) when v € L

The geometric picture we got is depending on where the projective subspace V' lives, just like
in the Example 2.3 polar variety P(X, V) acts the same way. If V' lies in the affine chart, we are
looking for tangent spaces containing V. If V' lies in the hyperplane at infinity, P(X, V') identifies

points on X whose tangent space have the same direction given by V. JAN

Example 2.5 (Polar degrees of smooth hypersurfaces). Let X = V(F) C P" be the smooth
projective variety where F'is a homogeneous polynomial of degree d. Since X is a hypersurface, it
is codimension ¢ = 1, so for a generic V' C P™ projective subspace of dimension dimV = c+i—2 =
i — 1 we are going to calculate the polar degrees p;(X) for i € {0,...,dim X}, therefore fix an
i€ {0,...,dim X}.

For p € X since dim7,X = n — 1, the non-transversal intersection V' + p i, 7, X happens
if and only if V +p C T, X. Since p € T,X by Lemma 2.5, we are looking for the conditions
V C T,X. Since the dimension of dim V' = 7 —1, it is given by projectivization of span of 7 linearly
independent vectors, say {vi,...,v;}. The condition v; € T,X if and only if V,,F(p) = 0 for
J € li], where V, F is the directional derivative of F' in the direction v;. Hence the i-th polar
variety P;(X,V) is

P(X,V) = {p € X | Vj € [i], V,,F(p) =0},

furthermore it is given by the homogeneous ideal

(F,.V,F,...,V,F).

Note that deg F' = d and degV,, ' = d — 1. Since V is generic, the points {vi,...,v;} are also

generic, therefore the hypersurfaces V, I intersect X properly. Therefore by Bezout’s theorem
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the degree of P;(X,V) is d(d — 1)*. Therefore u;(X) = d(d — 1)". A

For an example where X is not a hypersurface, we are going to wait until the Chapter 2.5 to
have a computational approach to define polar varieties. Now that we have geometric intuition of
what classical polar varieties are capturing, we are going to see other characterizations of it in the

following chapters.

2.3 Classical Polar Varieties as a pullback through Gauss map

We give another definition of polar varieties as a pullback of a special Schubert variety via Gauss

map. We first recall the Grassmannian to define the Schubert varieties and define the Gauss map.

Definition 2.3. The Grassmannian Gr(k,P") is the set of all k£ dimensional projective subspaces
of P".

Remark 2.2. Since we have already discussed that the projective subspaces are given by projec-
tivization of linear subspaces in the affine cone, we can also work with Gr(k + 1, A"™), which
parametrizes the k + 1 dimensional linear subspaces of A" differing only by identification with

projectivization.

Example 2.6 (Projective Space). When k = 0, the Grassmannian coincides with the projective
space Gr(1, A"*1) =P A

Example 2.7 (Dual Projective Space). When k = n — 1 the points in the Grassmannian Gr(n —
1,P") = Gr(n, A""1) are the hyperplanes in P". In the literature, this is called the dual projective
space (P™)V. A

Proposition 2.9. [1, Proposition 14.2] Let © and © be two full rank matrices of dimension
(k+1)x (n+1) where k < n. Then the equality row(©') = row(0©) holds if and only if there exists
a scalar v € k such that, for every o C [n+ 1] with |o| = k + 1, we have det(©,) = ydet(O").
Where ©, denotes the (k + 1) x (k + 1) submatriz of © whose columns are given by o.

Definition 2.4. Since every projective subspace V' C P" can be written as a projectivization
of the row span of a full rank matrix © of size (k + 1) x (n + 1), and by the content of the
proposition, the row span is characterized by the maximal minors up to some scalars. There we
have G(k, P") C PGi)-1,

Given (k + 1)-dimensional subspace Viyq € G(k + 1, A1), the maximal minors det(6,) of a

(k41) x (n+1) matrix © with row(©) = V., are called the Plicker coordinates for Vj,. There

n+1
k+1

Vkﬂ up to a scalar factor v € k as in Proposition 2.9.

are (7)) many maximal minors of a (k -+ 1) x (n + 1) matrix, and they represent the subspace
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Definition 2.5. Denote the (k+1) x (n+1) matrix of variables by x = (x;;), where i € [k+1] and
J € [n+ 1]. The subalgebra of k[x] generated by the det(x,) for o € ([ZE}) is called the Pliicker

algebra. Also, denote by k[p], the algebra where p, is a variable for each o € ([Zii]) Define the
ring homomorphism

Oni1 : k[p] = Kk[x], p, — det(x,)

then the Pliicker algebra is the k[p]/ker ¢, 1. We can further identify each ¢ C [n + 1] with
|o| = k + 1 with an ordered string in k[p].

Example 2.8. For the Gr(2, A*) we have 8 variables and we can think of them in terms of 2 x 4

matrix

T11 Ti2 T13 T4

L21 L2 T23 L4
For each o C [4], with |o¢| = 2 we consider the maximal minor as p,. For instance p;s =
T11T22 — L1221 and P21 = —P12. All the Plucker coordinates will be

4 —
(11222 — To1X12 1 - -+ 1 T13T24 — TogT1a) € P(2) !
The graph of ¢, lies in k® x k® and it is given by the parametrization

P12 — (211222 — T2 712) = 0

P34 — (1'131'24 — -1'231'14) =0.

If we take the ideal of it and project it down to k°, this is the same as elimination, and essentially
it records all the relations involving only the variables p;s through pss. Hence we get the ideal

(p12P34 — P13P24 + P2sp1a) which is called the Pliicker relations for Gr(2, A?). A

Example 2.9. Recall that in projective space, the representation of homogeneous coordinates is
not unique, unless we pass to one of the affine charts. For the point (xg : --- : z,) € P", we
normalize a term x; # 0 by setting x; = 1; then the representation becomes unique.

First of all since Vs € Gr(2, A?) is 2-dimensional subspace, the matrix © has rank 2. Therefore,
there must be a 2 x 2 minor that is nonzero. For simplicity, assume pio # 0.

The counterpart of normalizing a term in projective space for the Pliicker coordinates in the
Grassmannian is choosing the representation of the matrix with p;s = 1. This means that the first

maximal minor is 1; hence, the matrix can be written in the form

1 0 a b
01 ¢ d]
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Note that this is the reduced row echelon form of the 2 x 4 matrix which is a unique representation.

Now from this, we get the equation

P34 = ad — bc = (—p23)p14 - (—p24)p13.

If we homogenize this relation with pis, we get the equation piop3s — p13pas + pospra = 0 again. A

Now that we have defined the Grassmannian, we define subvarieties of it which are called
Schubert varieties. We follow [19, Chapter 4.1].

Definition 2.6 (Complete Flag in A™). A complete flag V in A" is a sequence of projective
subspaces
V:0=VocViC-CVyi CA"

with dim V; = i.

Definition 2.7 (Schubert varieties in A™). Let V be complete flag in A", let a = (ay,...,ax) be
a sequence of integers such that n — k >ay; > --- > ag > 0, then the set

S, = {A e Gr(k, A" | dim (Vn_kﬂ»_ai N A) >iforalli=1,... k}

is called Schubert variety.

Since X is a projective variety we are going to change the indices accordingly since the corre-
spondence was Gr(k,P") = Gr(k + 1, A™1).

Definition 2.8 (Complete Flag in P"). A complete flag V in P" is a sequence of projective
subspaces
Vid=ViCWVCWC---CV,, CP"

where dim V; = .

Definition 2.9 (Projective Schubert variety). Let V be a complete flag in P". Let a = (ag, a1, . .., ax)
be a non-increasing sequence of integers such that n —k > a9 > a; > -+ > a5 > 0. The Schubert

cycle ¥, in Grassmannian Gr(k,P") is defined as
Ya={A € Gr(k,P") | dim(V,—gyjo; NA) > jforall j =0,1,... k}.

Now going back to discussions on the polar varieties, recall that by the remark 2.1 we have

V + p intersects X at p € X non-transversely if and only if

dim (V NT,X) > dimV — codim X.
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Furthermore, the expected codimension of the intersection of two projective subspaces V' and

T,X is codim V + codim T}, X, therefore expected dimension of the intersection is equal to
n — (codimV + codim7,X) =n — (n —dim V') — codim 7, X = dim V' — codim X.

Hence, we can rephrase the condition of V + p intersects X at p € X non-transversely to be
intersection of V' and 7, X with higher than the expected dimension.
We can record all projective subspaces that intersects V' in an unexpected manner as a subva-

riety of the Grassmannian
En(V)={A e Gr(m,P") | dim(V NA) >dimV — codimA}.

Note that assuming the dimension of V' to be dimV = ¢ + i — 2 and since codimA =n —m = ¢

we can rewrite the set as
Yn(V)={A € Gr(m,P") | dim(V NA) >i—1}.

Therefore the condition of V + p intersects X at p € X non-transversely, is the statement where
T,X € %,,(V). These subvarieties X,,(V) of Grassmannian G(m,P") are called special Schubert

varieties and we show exactly which one they are in the lemma below.

Lemma 2.10. Let X C P", denote dim X = m, codimX = ¢, fir i € {1,...,m}, and let
dimV =c+1—2. Let V be a complete flag in P such that it contains V' as well. The Schubert

variety
Ya={A € Gr(m,P") | dim(Veyj o, NA) > j for j=0,...,m}

for sequence a= (1,...,1,0,...,0) is the same as the set
——

i many

En(V)={A e Gr(m,P") |dim(VNA)>i—1}.

Proof. First of all note that since dimV = c+ 1 — 2, we write V = V_; 5 for the element in the
flag V.

The inclusion 3, C ¥,,(V) is straightforward since for j =i — 1, we get dim(V NA) > i — 1.
We show the other inclusion %, (V) C 3, case by case on j. Fix A € ¥,,(V) and j € {1,...,m}.

If j =4 — 1, they correspond to the same condition, therefore there is nothing to show.
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If j >i—1 then a; = 0, we use the Grassmann formula 2.3:

dim(Vey; NA) = dim(Ve4;) + dim(A) — dim(Vey,; + A)
>(c+j)+m—n
=7
where we used the fact that V,.4; + A C P" in the inequality.
If j <i—1, then a; = 1, and we have V. ;_; C V.4;_5. We need to show that dim(V,;,;_1NA) >

J. The claim is dim(V,4;_1 + A) < n — 1. After proving that the desired result can be shown by

using Grassmann formula 2.3 to

dim(V;_,_j_l N A) = dim(‘/c+j_1) + dlm(A) - dim(VcH_l + A)
>(ctj—T)+m—(n—1)
pr— j‘
To prove the claim dim(V.;;_1 + A) < n — 1, we use the assumption of dim(V,.1;_ o NA) >i—1

coming from A € 3,,(V) and the fact that V. ;1 C V.45 from the condition j < i — 1. Now

using Grassmann formula 2.3 we get

dim(‘/;+i72 + A) = dim ‘/CJW;Q + dim A — dim(‘/ﬁi,g N A)
<(c+i—2)+m—(i—1)

=n—1.

Now since Vi1 C Veqio, we get Vi1 +A C Vi, o+A as well, therefore after taking dimensions
we get
dim(Veyj1 +A) <dim(Vepo +A) <n—1

proving our claim dim(V,4;_1 +A) <n — 1 and the last inclusion. [

Definition 2.10. Let X be a smooth projective variety of dimension m in P*. Then the morphism
to the Grassmannian
vx: X = Gr(m,P"), p—T,X.

that takes point p on X to its tangent space T, X is called the Gauss map.

Remark 2.3. Since X is a smooth projective variety, the Gauss map is a well-defined morphism.
If X is given by polynomial equations, then we compute yx by mapping p to the kernel of the
Jacobian matrix of the defining equations at p. If X is given by a parametrization, then we can
represent the Gauss map vx by taking the derivatives of the parametrization. Furthermore, we

can express the morphism in terms of Pliicker coordinates.
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Example 2.10. Consider the twisted cubic curve
X = V(2 — 1012, 1129 — ToT3, T3 — T1T3).

Let p=(po : p1: pa2 : p3) € X then the tangent space of X at the point p is defined as P(ker Jx (p)).
The Jacobian of X at the point p is given by

—p2 2p1 —po O
JIx = —P3 P2 P1 —Po | >
0 —p3 2p2 —p1

the kernel of this matrix is 2 dimensional vector space in A* therefore gives a line in projective space

T

P3. Let vy = (3po, 2p1, p2,0)T and vy = (0, p1, 2p2, 3p3)?. They are clearly linearly independent

due to appearance of 0 in different places. Furthermore, note that since p € X we have

4pT — 4popa 0
Ix(p)vr = | 3pips —3pops | = | 0
2p5 — 2p1ps 0
and
2p7 — 2pops 0
TIx(p)v2 = | 3pip2 — 3pops | = | O
—4p1ps + 4p3 0

So given p € X the tangent line 7, X is given by projective span vy +v,. Therefore the Gauss map
vx i X = Gr(1,P?)

e 3po 2p1 p2 O
P = (po:p1:p2:p3)— row
0 p1 2p2 3ps

Recall that we can represent Gr(1,P3) C P()~1 = P5 in terms of 2 x 2 minors of the matrix.

Therefore the pliicker coordinates of the tangent line 7, X, at the point p is
T2 = 3pop1, T13 = Opop2, T14 = 9poPs, Taz = 3p1P2, To4 = O6p1P3, Tza = 3p2ps.
Therefore we can write the morphism vx : X — Gr(1,P?) as
Yx + (Po: p1ip2ips) = (pop1 i 2popa : 3pops  pip2 t 2pips ¢ Paps3)-

For the question of how we found the basis v; and vy for the Jacobian Jx(p), we used the

representation of twisted cubic curve in terms of parametrization given in the next example.
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A

Example 2.11. [10, Example 4.6] We are going to compute the Gauss map for the twisted cubic

curve X again, using the description given in terms of its parametrition
viPt PP (sit) e (7St st t?)
Let p=wv(s: t) = (s*: st : st? : t?) then the tangent space T,X is given by the row span of
352 2st t2 0
< 0 &% 2st 3252)

whose first row is the partial derivative of v with respect to s and second row is the partial

the matrix

derivative of v with respect to t. Note that writing p = (po : p1 : p2 : p3) = (8% : s* : st? 1 #3) we
see that
(3po : 2p1 i pa 1 0) = (3s° : 257 = st? 1 0) = (357 : 25t : 2 : 0)

and similarly
(0:py:2py:3p3) = (0:s°t:2st? : 3t%) = (0: 57 : 2st : 3t?)

which was the basis of the tangent space at the point p in the previous example.
Now using Pliicker coordinates for Gr(1,P?) = P(:)~1 = P5 we need to take 2 x 2 minors of

3s2 2st 2 0
0 s?2 2st 3t2)7

T1g = 334, T3 = 633t, Tig = 932152, Tog = 332152, Loy = 63253, x34 = 3t*.

the matrix

which is

Therefore the morphism ~ can be seen as a morphism through P* — P° which is
(5:t) > (s*:28% : 3522 : s%% 1 25t 1 t4).
Note that after writing p = (po : p1 : p2 : p3) = (83 : %t : st? : 13), we get
(pop1 : 2pop2 : 3pops : Pip2 : 2p1ps : paps) = (87t : 25?3833 ¢ 33 25%th  st%)

and factoring out st we get exactly the same map with the previous example. A

Theorem 2.11. [10, Proposition 4.8] Let X be a projective variety in P™ of dimension m. For
any projective subspace V' of P", the polar variety P(X,V') is the pullback of the special Schubert

variety via the Gauss map, that is
P(X,V) =971 (Zn(V))
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Proof. We have seen that the condition that V + p intersects X at p € X non-transversely is
equivalent to T,X € 3,,(V). Therefore, the set of points in X where V + p intersects X at
p € X non-transversely is precisely the points p € X where the tangent plane 7, X is intersecting
V' in an unexpected way, hence yx(p) € X,,(V). Furthermore, since ¥,,(V) = %, for some flag
containing V', and since ¥, is a closed subset of the Grassmannian Gr(m,P"), its pullback is a

closed subvariety of X. [ |

Example 2.12. Consider the example of twisted cubic curve X C P3. We are going to calculate

first polar variety of P(X, V) for the line V' given by row span of matrix

4 0 —1 0
4 0 -1 1)

First we write the defining equation for special Schubert variety (V') in terms of Pliicker coor-
dinates.

Let L be another line given written as projective sum of 2 points a = (ag : ay : ay : az) and
b= (bo:0b1:0by:bg). Write the Pliicker coordinate of L = (l12, {13, l14, l23, l24, [34), where [;; is the

determinant of the 2 x 2 submatrix formed by columns ¢ and j of

ap ap ao as
bo b1 by b3)

The lines V' and L intersect if and only if they share a point, which occurs if and only if their span

is a three dimensional subspace of the affine cone A*. This can be calculated by the determinant

Gy ap a2 as

bo by by b
det : 01 21 (;’: = da1by — dashy — apby + arbg = 4 (a1by — aghy) — (aghy — arby) = 4laz — l.
4 0 -1 1

Therefore, the Pliicker coordinates of the special Schubert variety is
Y1(V) = V(=219 + 4x93) C P°. (7)

We have shown in the Theorem 2.11that P(X,V) = 75" (Z1(V)). Also we have shown the
equation of Gauss map vx for the twisted cubic curve in Example 2.10 and 2.11. We substitute

112 = st and w3 = s%t% to (7) to get
—st +45%? = 0.
After factoring we see that the solutions that satisfies this in P! are (s : t) = (0 : 1) with
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multiplicity 2, as well as (s:t) = (2:1) and (s : t) = (=2 : 1). Mapping these parameter values

back to P via our parameterization to twisted cubic v(s : t), we get the points:

pr=v0:1)=(0:0:0:1)
pp=0v(2:1)=(8:4:2:1)
ps=v(—2:1)=(-8:4:-2:1).

In order to visualize this, we choose the hyperplane at infinity to be H,, = V(z(). Therefore

in the affine chart the first polar variety of the twisted cubic curve has two points

I A A
b2 = 2’4’8 and ps = 2a4a S

on the affine part of the twisted cubic curve as can be seen in the figure below.

Figure 11: Twisted cubic curve X and its first polar variety

Here in the Figure 11, axis x,y, z denotes the zq, x5, x3 respectively and it is twisted cubic
curve in the affine chart. The red curve is the twisted cubic curve, the two blue points are the
elements of the polar variety P(X, V'), where the V is the grey line. Note that the tangent spaces
which are lines colored in black are passing through the V. We have also said that there is another
point with multiplicity 2 which lies in the point at infinity, they correspond to directions of the

twisted cubic curve in the 2z axis. YA

Corollary 2.12. [10] An inclusion of projective linear subspaces gives a reverse inclusion of
polar varieties. To be precise, for any fized variety X in P™ and subspaces V. C V', we have

P(X,V')C P(X,V).

Proof. Let V. C V' and let V be a flag containing both V' and V’. In the Lemma 2.10 we have
shown that %,,(V) = ¥, and %,,(V’) = X, for some sequences a and a’. Since V' C V' we have
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a C a’ as well. Using [19, Chapter 4.1] we have ¥, C 3,. Therefore after taking pullback along
the Gauss map, we see that P (X,V’) C P(X,V). |

Corollary 2.13 (Codimension of the i-th polar variety). Let X be a smooth projective variety of
dimension m in P", and let V be a generic linear subspace of dimension dimV = c+i—2 where ¢ =
codim X. Then the codimension of the i-th polar variety P;(X,V) in X is codimx (P;(X,V)) = i.

Proof. Fix a general projective subspace L C P" of dimension ¢ + ¢ — 2 and a complete flag £
containing L. We have a morphism of varieties 7x : X — Gr(m,P") and by Theorem 2.11, we
know that P(X, L) = v (X,n(L)). Furthermore, by Lemma 2.10

Yn(L) =%,  wherea=(1,...,1,0,...,0).
——

i times

By [19, Chapter 4.1], we have codimg,mpn)(¥a) = Y - ga; = i. Let PGL,y1(C) be projective
general linear group, which is the quotient of general linear group G L,,1(C) by subgroup of scalar
multiples of the identity matrix. Therefore it acts transitively on Gr(m,P"). Furthermore, take a
general element M € PGL,.(C), it also acts on the flag £, which we denote as £ - M. Therefore
it induces an action on the subvariety ¥, of Gr(m,P"), by acting on the flag L.

Since M is general, by Kleiman’s theorem in characteristic 0 [19, Theorem 1.7], applied to the
transitive action of PG Ly,1(C) on Gr(m,P™), we have codimx (P;(X, L-M)) = codimegy(m,pny(Xa) =
i. Since M is a general element of PG L, 1(C), the translate V' := L- M is also a general projective
subspace of dimension ¢ + i — 2. Therefore codimx (P;(X,V)) = i. |

2.4 Classical Polar Varieties in terms of Conormal Varieties

In this subsection, we are going to give another equivalent way of writing polar varieties using
duality in projective space. We start by defining the dual of the projective space. The proof will
be the imitation of the proof of [15, Lemma 3.24].

Definition 2.11. Define the dual of a projective space (P")" to be set whose elements H € (P™)Y
are the hyperplanes in P".

Remark 2.4. We have already remarked that (P")Y is equal to the Grassmannian Gr(n — 1,P") in

Example 2.7, therefore this can be thought as projective space again.

Definition 2.12 (Conormal Variety). Let X be a smooth projective variety. Conormal variety
CN(X) of X is the set

CN(X)={(p,H)eP"x (P") |pe X,H CT,X} CP"x (P")"

Definition 2.13. The projection of C'N(X) onto the second coordinate is called the dual variety
XV. Its points are the hyperplanes in P" that are tangent to X.
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Remark 2.5. Since the projective space P" is complete the projection of a closed set must be closed.
Therefore XV must be closed subset of (P™)V.

Example 2.13. By definition of conormal variety we have
CN(V)={(p.H) eP"x (P") |peV,T,V CH} CP" x (P")".

Since V is already a projective subspace T,V = V, therefore when projected to the second coor-
dinate we see that
VV={He@P")' |VCH}.

Which means it is the set of hyperplanes in P" that contain V. A

Theorem 2.14. Let X be a smooth projective variety, and V be a subspace in P". Denote
the projection to first and second coordinates of the conormal variety to be m and my. That is
m :ON(X) = X and mg : CN(X) — XV. Then

P(X,V) =m(my ' (VY))

Proof. Recall that for a subspace V' its dual is V'V is the set of hyperplanes H containing L, that
is

VV={He [P |V CH}

We first describe the inverse image of V¥ under the second projection my : CN(X) — XV,

m (VY)

{(p.H)eCN(X)|HeV"}
(p,H)|pe X,V CHT,XCH}
(p,H) |pe X, V+T,X C H}.

{
{

Now we consider the image of this set under the first projection 7 : CN(X) — X

m(m (V) ={pe X |3H € (P")V,V +T,X C H}
={pe X |dm(V+T,X)<n}
={peX|(V+p) #T,X}
= P(X,V)

hence, we are done. [ |

This point of view is going to allow us to show that multidegree which we define afterwards in

Chapter 5 is related to the degree of the polar variety.
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2.5 Computational Perspectives of Classical Polar Varieties

In this subsection we give two computational approaches of defining classical polar varieties using
rank conditions of matrices. The first approach is the way polar varieties are defined in the paper
[32]. The second approach, however, is the way polar varieties are defined in the paper [5]. Our
goal for each of the characterizations is to write the non-transversal intersection condition in terms
of rank conditions of matrices. The key difference between the two descriptions is on how V' is
given.

Let V = IP(V) be a projective subspace of dimension k. We are going to use two notations for
the rest of the chapter. We write the full rank matrix My € CtDxEHD ¢4 write V = col My so
that, we can write V' = P(col(My)). We write the full rank matrix Ny € C=Rx+1) to write

V' = ker(Ny), so that, we can write V = P(ker(Ny)). In other words, we have a short exact

sequence
My Ny
0— CH! X cntt 25 CcvF 0.

So depending on how V' is given, we have two different ways to calculate the polar variety. For
the upcoming theorem, let V' =P(My) and X = V(F,..., Fy) C P smooth, with codimension ¢
as before. Recall that we denote the Jacobian of X by Jx.

Theorem 2.15. Let p € X, then V + p intersects X at p non-transversely if and only if
tk(JIx(p) - My) < ¢, where Jx(p) - My is matriz multiplication and Jacobian Jx(p) is evalu-

ated at representative of p.

Proof. We have shown in the remark 2.1 that V' 4 p intersects X at p non-transversely is equivalent

to
dim(V NT,X) > k —c. (8)

where dim V' = k and codim X = c.
Now since V' = P(col My ) and T,X = P(ker Jx(p)), using lemma 2.2 for the intersections, we
get
V NT,X =P(col My) NP(ker Tx(p)) = P(col My Nker Tx(p));

therefore, on dimensions we have
dim(V N7T,X) = dim(P(col My Nker Jx(p))) = dim(col My Nker Jx(p)) — 1. 9)
Now using lemma 2.7 on Jx(p) - My : C*!1 — C**! — C* we have the following equality
dim(ker(Jx(p) - My)) = dim(ker My ) + dim(col My N ker Tx(p)). (10)

For the equation (10), we use rank nullity on dimker(7x(p) - My ), write dim(ker My ) = 0 since
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My is full column rank, and we use (9) on dim(col My Nker Jx(p)) to get
(k +1) — tk(Tx (p) - My) = dim(V N T, X) + 1.
Hence by rearranging and using the inequality (8), we obtain
k(JTx(p) - My) = (k+1) — (im(V N T,X) + 1) = k — dim(V N T,X) < k + (c— k) = ¢

concluding the first direction.
Now for the converse direction assume that rk(Jx(p) - My) < ¢, and we would like to show
that n > dim((V + p) + 7, X). By remark 2.1 it is enough to show dim(V N7T,X) > k — ¢. Now

similarly to the converse case, using lemma 2.7 we get
dim(ker(Jx (p) - My)) = dim(ker My ) + dim(col My Nker Jx(p)).

Afterwards, we use rank nullity theorem on dim (ker(Jx(p) - My)), write dim(ker My ) = 0, and
use (9) to get
(k+1) —rtk(JIx(p) - My) =dim(VNT,X) + 1,

thus by rearranging
dim(VNT,X) =k —rk(Ix(p) - My) >k —c.

Corollary 2.16. Let X be a smooth projective variety in P™ given by V(Fi,...,Fy). Let V be a
projective subspace of P given by V = P(col My/). Let A be the ideal

A= (F,...,F) + {c x ¢ minors JxMy) .

Then the polar variety P(X,V') of X with respect to subspace V is equal to V(A).

Example 2.14. Let us revisit the ellipsoid example X = V(F) C P? again which was given in
Example 2.4, where F' = ¢;234cox3+c3z3—x3. The dimension of X is 2, therefore the codimension

is ¢ = 1. The Jacobian of X is 1 x 4 matrix
jX == (—21‘0 2011‘1 2021‘2 2031‘3)

Let V' be the projective line spanned by the affine point v = [vg : v1 : v9 : v3] and w = [wp : wy :

31



wy = wz]. We represent V' as the projectivization of the column span of 4 x 2 matrix My :

Vo Wo
v W
Vo W2

U3 W3

We use the Corollary 2.16 to write the ideal of P(X, V'), we first compute the product Jx My
Ix My = (—21}0:1:0 + 2c10121 4 260099 + 203v3T3  —2wWoxg + 2c1wW1 T + 2C0wax9 + 2c3w3333> .

Because the codimension is ¢ = 1, the unsaturated ideal A is

2 2 2 2
A= <clx1 + CoT5 + C33 — X, —VoTo + C1U1T1 + CoV2T2 + C3U3T3, —WoTo + C1W1X1 + CoWalo + 03w3553> .

Therefore the system of equation defining the polar variety is

—VoTo + 11 + CovaT9 + c3vzrz = 0
— WXy + crwix, + CowaeTo + cswsrz = 0

2 2 2 2
c1xy + cexy + czwy — x5 = 0,

which is what we have found using geometric arguments in the Example 2.4. A

Example 2.15 (Twisted Cubic Example). To observe the polar variety for projective varieties
having codimension greater than 1, we use twisted cubic curve X C P? like in the Example
2.12. X is defined by ideal generated by three quadrics F; = x% — X9, Fo = 1129 — 2923 and
F3 = 23 — x123. The dimension of X is 1 therefore the codimension of X is ¢ = 2.

The Jacobian matrix Jx is 3 X 4 matrix

—XT2 2I1 —X 0
jX — —X3 To T —X
0 —x3 21‘2 —T

Consider the first polar variety ¢ = 1. The dimension of V' is dim V' = ¢+¢—2 = 1 which means
V is a line. Define V' as the line spanned by the points v =[4:0: —=1:0land w =1[4:0: —1:1].

The column span matrix My is

4 4
0 0

Mo —
L |
0 1



When we multiply Jx My we obtain 3 X 2 matrix

4
—X9 21]1 —X 0 0 0 —4$2 + X9 —4272 + X9
jXMV = —XI3 ) T1 —X0 1 1 = —433'3 — X —4£C3 — X1 — Xp
0 —T3 2$2 —T 0 1 —21’2 —2$2 — T

Since the codimension is ¢ = 2, we calculate 2 X 2 minors of this product matrix, which are

2
mig = 41’01’2 — Ty = .T0(4£C2 — .1’0)
mi3 = 41’11’2 — Tol1 = 131(41’2 — l’g)

Mog = 4123 + x% — 2T02>.
Therefore the unsaturated ideal A is generated by
A= (Fl,F2,F37m127m13,m23> .
Note that since F; = x% — Toxg We can substitute xgre = :c% to mog to get
Ma3 = 411703 — 17 = 21 (4a3 — 71),

to have similar form with ms and mj3. Now if we solve the system A symbolically using
OSCAR [26] we get the minimal primes of A to be

(x9 + 213,11 — 423, 20 + 813)
<ZE‘2 — 2.%3,%’1 — 4$3,ZL’0 — 8$3>

<l’2, Zy, ZE()>

therefore it corresponds to points in projective space P3

[ttt [t b oo},

These are precisely the three points we have seen in the Example 2.12 with the Figure 11. A
If V = P(ker Ny) for some matrix Ny € Cn=¢=2)x("+1) "then we use the lemma below:

Lemma 2.17. Leti € {0,...,dim X}, suppose we have two full rank matrices My € Cm+h)x(e+i=1)
and Ny, € Cre=it2x(4+) gy eh that ker Ny = col My.. Then for any p € X we have

rk(JIx(p)My) < ¢
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if and only if

Ny

rk (jX(p)> <n—it2

Proof. We start by assuming rk(Jx (p)My) < ¢. Now we use the rank-nullity Theorem 2.6 on the

linear transformation given by a matrix

<~7X (P)> N as N Cs+n-c-z‘+27
Ny

Jx(p)

v
and by the equation (1), we get following chain of equalities

then through the observations ker ( ) = ker Jx(p) N ker Ny, assumption col My = ker Ny,

n+1=rk jX(p)) + dim ker (jx(p)> )
Ny Ny
— 1k jX(p)) + dim(ker(Jx (p)) N ker Ny)
Ny
A )> + dim(ker Ty (p) N col My)
Ny
— 1k j;(p )> + dim(col My) — dim col(Jx (p)My)
1%
=rk jX(p)) + (c+1i—1) —dimcol(Jx(p)My)
Ny
> rk jX(p)) +i—1
Ny
hence
n—i+2>r1k (jX(p>>
14

proving the first implication.
Ix(p)

For the converse assume that rk
Ny

) < n — 1+ 2. Using rank-nullity Theorem 2.6 we

have

—dim (ker (jX(p)» = —(n+1)+1k (jX(p)) <-n—-1+4Mnm—i+2)=—i+1.
NV NV
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Therefore after using this inequality in (1)

rk(Jx (p)My) = rk My — dim(ker Jx (p) N Im My/)
= rk My — dim(ker Jx (p) Nker Ny)

=rk My — dim (ker (jX (p)))
Ny

<(c+i—-1)+(—i+1)=c¢c

we proved the last implication. [ |

Corollary 2.18. Define the ideal D to be

D:<F1,...,FS>+<(n—z'+2)x(n—z’+2) minors of <}\7[X>>

where Ny is (n—c—1i+2) x (n+ 1) matriz. where V= P(ker Ny) then the polar variety P(X,V)
is V(D).
This point of view of the polar variety is going to allow us to see the degree of the polar

varieties as algebraic degree of a particular optimization problem. The details will be given in the
chapter 5.5.

Example 2.16. To demonstrate this computational approach, we recalculate the polar variety
of the ellipsoid X = V(2% + 23 + 323 — 23) C P? using the kernel formulation. As before

dim X = 2 therefore codimension is ¢ = 1. The Jacobian of X is 1 x 4 matrix
jX = <—2£EQ 2011’1 202.%’2 203.%'3) .

We compute the ¢ = 2 polar variety. Again dimV = ¢+ i — 2 = 1 therefore V is a line. We
use the same projective subspace V' that passes through (2,0,0) and (0,2,0) in the affine chart.
However this time rather than defining V' via its basis points we are going to define it as an
intersection of two hyperplanes —2x¢ + x1 + 22 = 0 and x3 = 0. Therefore, V' = V(ker Ny ) where

Ny is a matrix of size (n —c— i+ 2) X (n+ 1) = 2 X 4 matrix
-2 110
Ny = .
0 0 01

—2.930 2615131 2621’2 263553

The stacked matrix is

=\ -2 1 1 0
0 0 0 1
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We want the rank of this stacked matrix to be strictly less than n — ¢ 4+ 2 = 3. Therefore, we
calculate the 3 x 3 minors of this 3 x 4 matrix. Due to the last row of the matrix, this is equivalent

to checking 2 x 2 minors of the submatrix

—ZZEO 201[E1 202[[’2
-2 1 I

Calculating the three 2 x 2 minors, we get

(=220)(1) = (2121)(=2) =
mug = (=210)(1) — (2c272)(-2) =
Mo3 = (201%1)(1) — (202$2)(1) = 2011’1 — 2C2(L’2.

mio —2330 + 4C11’1

—2x0 + 4coxs

Notice that ma3 = %mlg — %mlg and is therefore redundant in the ideal. Hence,
D = (177 + com + 375 — w3, —270 + 4y, —210 + deaxs)

which corresponds to the same ideal, we have derived in the Example 2.4. A

Remark 2.6. The definition of polar variety given in [2] is given by the ideal D in Corollary
2.18. The only difference is the indexing. However, if we restrict ourselves to the affine case by
dehomogenizing, we obtain the same varieties, as stated in the Lemma 2.19 below. It describes the
ideal of the affine polar variety P(X,V)NA™ when the subspace V is contained in the hyperplane
at infinity H,,. This will be useful in the Section 5.5.

Lemma 2.19. Let X CP" be a projective variety given by homogeneous ideal Ix = (Fy, ..., Fy).
Let the hyperplane at infinity be Hy, = V(xg) and affine chart A™ = P*\ H. Define the
corresponding affine variety Y = X N A™ by the ideal Iy = (f1,..., fs) where fj(x1,...,x,) =
Fi(1,21,...,2,).

Let Ny € Cr=e=H#2x(n+1) be o matriz of full row rank such that V := P(ker Ny) C Hy,. The

matriz Ny is row equivalent to a block matrix of the form

1 01><n
0(n707i+1)><1 N’

where N' € C(v=e=#0xn o full rank matriz. Then affine polar variety P(X,V) N A™ is given by
the ideal

. . . T
(fiy-- fs) + <(n—z—|—1) X (n—1i+ 1) minors of (Ni>> (11)
Proof. First of all note that since P(ker Ny) C H, the coordinate vector (1,0,...,0) must lie in
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the row span of Ny, hence after enough row operations, Ny is row equivalent to

1 01><n
O(nfcfi+1)><1 N’

where N € C*—c=#Dxn Take any y € Y, then we have

Jo(y) Jv(y)
rk (‘ﬁf”) — 1k 0
v 0 N
0 Jv(y)
=1k |1 0
0 N
— 1k jy<y)> +1,
N/

where Jy(y) is the column vector of partial derivatives with respect to zy. Recall that P(X,V) is
given by the ideal

(Fy,...,Fy) + <(n—i+2) X (n — i+ 2) minors (]‘iX)> (12)
v

It therefore suffices to show that the variety defined by the ideal (12) restricted to zq = 1 coincides
with the affine variety given by the ideal (11).
Now for a point § = (1,41, ..., y,) € A" in the affine cone of P", satisfies Fj(1,y1,...,9,) =0

for all 7 =1,...,s and the rank condition

rk (jx<g)> <n—i+?2
N

\%

if and only if it satisfies f;(y1,...,yn) =0 for all j =1,...,s and the rank condition
k (j’j/v(y)) <n—i+l.
The equivalence of the rank conditions follows from the identity

N (&(@)) . (mm) i
Ny N’

established above, and the equivalence of the polynomial conditions follows from the f; = Fj|; =1.
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Therefore the ideal of P(X, V)N A" is given by

: : . Jy
<f1,...,fs)+<(n—z+1)x(n—z—i—l) minors of (N’>>’

and that concludes the proof. [ |

3 Reciprocal Polar Varieties

Following the references [25, 28, 29|, we introduce the reciprocal polar varieties. First we will
introduce the notion of polarity to have an orthogonal complement in projective space. The
remainder of the section is devoted to understanding the geometry of reciprocal polar varieties,

which will be used in the applications.

3.1 Polarity

To define reciprocal polar varieties, we need to have a notion of orthogonal complement in pro-
jective space, which will be called the polar. The geometric intuition we want to keep in mind is

illustrated in the example below.

Example 3.1. In this example, we will be working in the projective plane P? whose coordinates
will be given by (z¢ : x1 : 23). To draw the pictures we will use the real part of the affine chart
{zo = 1}.

Let @ C P? be a conic defined as the zero set of the ¢ = 2% + 22 — 22, therefore in the affine
chart it corresponds to a circle centered at zero of radius 1. Now take a point p = (1:2:0), we
are interested in the points in (), whose tangent lines passes through p and take projective span
of them. Since @ is a hypersurface this is directly the classical polar variety P(Q,p). Since @ is a
conic, the classical polar variety will be a set of two points, namely (1 : % : i\/Tg) The line passes
through these two points which will be denoted as p* = V(—xz + 2z;) is called the polar line of
the point p.

Figure 12: p* in the affine picture
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In Figure 12, the red circle is conic @, and blue line is p* in the affine chart 2y = 1. The black
point in (2,0) is the point p, and black lines on @) are showcasing how tangent lines intersect the
point p.

Observe that if p was a point lying on the conic @, p* would be equal to the T,Q as the
only point in () whose tangent passes through p is the tangent line at p itself. This is a general

statement that will be proved in Lemma 3.6.

—o—

Figure 13: p lying on the conic )

In the Figure 13, the black point p € @ now and the blue line which is polar p* is exactly T,Q.
We would like a notion of orthogonal complement that would give us p*+ = p as well. Since
the dual of a point is a line, the dual of a line must be a point. Therefore, for a line L C P? we
define L+ to be the point where the tangent lines of the points L N Q meet. For a slightly different
example, suppose the line L in P? is given by the projective span of two points p; and ps. Choose
the points to be p; = (1 L L) and py = (1 : \/Li : —L>. Therefore the dual L* of the line L

V2 V2 V2
is given by the equation

LL:V(—xO+%x1+%x2) ﬂV(—xo+%x1—%x2) :{(1:\/5:())}.

Figure 14: L+ in the affine picture
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In the Figure 14 note that the blue point is now the (p; + p2)* and the black line intersecting
Q is the (p1 + p2)

Note that the conic Q was given by the polynomial ¢ = 2% + 22 — 22 to have a nonempty real
picture, but that does not have to be the case. For instance for Qgp defined by the polynomial
q = 23+ 23+ 122 does not have real solutions in the affine picture. However the same picture would

happen in complex setting. A

We use the notation for polarity in [31, Section 4]. Fix a nonsingular quadric hypersurface
@ C P" given by degree two polynomial ¢ € k|xy, ..., z,|. Write the degree two polynomial of the
form q(z) = 7 Az, where A is a symmetric matrix of size (n + 1) x (n + 1), then Vq(z) = 2Ax.
Note that @ is nonsingular is equivalent to det A # 0.

Definition 3.1. The quadric ) given by the polynomial ¢ induces a polarity map
Oy : P — (P™)Y.

p=(po:--:pn) (%(p)r“-raiqn(p)>

Let V be a projective subspace of P*, then we define the polar of V' to be V* which is defined as

"L 0
VEi=0,(V) ={yeP"|VpeV, Z xq (p)y; = 0}.
i=0 *

0
Example 3.2. Let ¢ € k[zo, ..., ,] to be the ¢ := ggp = > 1 y27. Let v = (vg: -+ : v,) € P,

this is 0 dimensional subspace of P, then its polar is by definition
vt ={y € P" | voyo + -+ + vnyn = 0},

which is the orthogonal complement of the line v in A"+ A

Proposition 3.1. Consider the affine cone A"t of projective space P", let 4,0 € A", and

quadratic q, then the function defined as (4,0)q = >, %(ﬁ)ﬁi is a symmetric bilinear form.

Proof. We start by showing linearity in the first argument. Since ¢ is a homogeneous degree two
polynomial, its partial derivatives are homogeneous linear polynomials, therefore when considered
as linear functionals they are linear.

For linearity in the second argument observe that this form is defined by multiplication and
summation, therefore the map is linear in the second argument.

Now we are going to show the symmetric property. Since ¢ is quadratic it is given by ¢(4) =

4T At for some symmetric (n + 1) x (n + 1) matrix A. Furthermore, its gradient Vq is given by
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matrix multiplication Vg(u) = 2A4. Using this representation we get
(i1,0) g = V(@) - © = 2(Aa) - & = 2(Aa) 0 = 24" ATo = 24" Ab.
Now taking the transpose of the entire expression, since (u, 0) o Is just a scalar, we get

(1, 0) = (i, 0)g = (20" AD)" = 20" ATt = 20" At = (0, ),

proving the symmetric property. [ |

Remark 3.1. We note that although (—, —)Q is a symmetric bilinear form, it may not be positive
definite; hence, it is not necessarily an inner product, which is a symmetric bilinear form that is
also positive definite. Therefore, it does not inherit all the properties of inner product. However,

symmetric and bilinear alone give enough properties.

Definition 3.2. Let V C A"*! be a linear subspace; define the polar of V with respect to (—, —)
as the set {6, € A" |Vp eV, (u,p)g = 0} and it will be denoted as VL

Q

We note that the following Proposition 3.2, holds for any non-degenerate symmetric bilinear

form, and a proof can be found in any linear algebra text on bilinear forms.

Proposition 3.2. Let (—, —>Q be a symmetric bilinear form in A" then for any subspace U and

V in A" we have the following properties:
1. Ut s again a linear subspace of A™!
2. Ut =U
3. U - 1% implies Vi - Ut
4. dimU +dim Ut =n+1

Remark 3.2. Since the elements of P depend on the choice of an affine representative, the eval-
uation on symmetric bilinear form (—, —) o s not well defined for the points in projective space
P". However, since (—, —), is bilinear, the condition of polarity (u,v), = 0 is well defined for
u,v € P". Therefore for u,v € P*, we are going to write <u,v>Q = 0 to mean that their affine

representatives are polar to each other in A",

Proposition 3.3. Let V C A" be q linear subspace, then we have

P(V)! =P (VL> .
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Proof. We are going to show P(V)* C P(V1) first. Let p € P(V)" then for any u € P(V) we
have (p,u), = 0. Therefore for affine representative p € A"\ {0} that is [p] = p, and affine
representative @ € V'\ {0}, [4] = u, we must have (p, @), = 0. We would like to show that p € VL.
For any @ € V' \ {0}, (p, ), = 0 already holds, for @ = 0, (p, i), = 0 also holds. Therefore we
have (p, 1), = 0 for all 4 € V, which means p € V. Hence p = [p] € P(V1).

For the converse let p € P(VL) therefore there is p € V- such that [p] = p. Let u € P(V)
and affine representative & € V' \ {0} such that [a] = u. Since p € V' it must be the case that

A~

(4,p)g = 0, hence (u,p), = 0, therefore p € P(V)+ [
Corollary 3.4. Let U and V' be projective subspaces of P", we have the following properties:

1. V' is again a projective subspace of P*

2. Vi =V

3. U CV implies V+ C U+

4. dimV =d implies dimV+ =n —d — 1

Proof. All of these properties are the direct applications of the Theorem 3.3 to the Proposition
3.2. [

Now before getting to the examples, we will prove a lemma that is going to allow us to do the

calculations easier.

Lemma 3.5. Let U and V be projective subspaces of P then we have (U + V)t =U+ NV<L and
(UtnvhHt=(U+V).

Proof. We will first show (U +V)*+ = UtNV+. We start off by showing this inclusion (U +V)*+ C
UL NVt We already have U C U +V and V C U + V therefore we get (U + V)+ C Ut and
(U + V)t C V+ now if we intersect both of these subset relations we get (U +V)+ C U+t NV+.

Now for the other inclusion take x € U+ N V< then for any y € U + V, we can write y =
[ati+ B0] for some scalars «, 8 and affine representatives @, 0. Therefore (z,y), = (v, at + f0), =
a(z, 1), + B (x,0), = 0 therefore z € (U + V).

Now we are going to show (Ut NV+4)L = (U +V). Since L+ = L for any projective subspace
L, if we take the polar of both sides of the equation (U + V)t = U+ N VL, we get

(U+V)=U"nVHE

which is exactly what we wanted to show. [ |

Furthermore, we are going to show the observation, we have seen in Example 3.1, which was,
when p € @, we have p* = T,,Q.
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Lemma 3.6. Let Q = V(q) be a quadric hypersurface in P". Let p € Q then p*t = T,Q.

Proof. Note that T,Q = P(ker V¢(p)), and by definition p* = {x € P* | 37 2 32 (p)z = 0}, which
is exactly 7,Q). [ |

Example 3.3. We are going to consider all possible polars in P3. Fix the nonsingular quadric
Q to be V(q) given by degree 2 polynomial q. Let p = (po : p1 : p2 : p3) € P3 be a point then
pt = {x € P3| %(p)xo + -+ %(p)ﬂf:g = 0}. We are going to write it as

dq dq
1 -V -
P (8 0( )flfo 8:153( )x3> )

Let L be a line in P? given by the projective span of two points a; and as. Then L+ = (aq —l—ag)L =

ai Nay by the lemma 3.5 therefore we can write it as

dq Jq dq Jq
L — —
L=V (a v (p1)xo+ -+ + s (pl)xg) nv (a o (p2)xo + -+ + —8333 (pg)xg) )

Finally let H be the hyperplane defined as V(byzg + - - - + bszs), then HL is the point p € P3
such that (aa—zqo(p), ey a%(p)) = (by : - -+ : b3) which is evident by the relation p+ = p.
As an example choose quadratic form Q = Qgp = V(q) where ¢ = 22 + 23 + 23 + 23. Consider

the following three points in the projective space
=(1:3:0:0), ax=(1:0:3:0), az3=(1:0:0:3).

The polar of these points are the following respectively

ai = V(xo + 3z1)
ay = V(xg + 3x)
az = V(o + 3x3)

Define a flag K in P? by Ky C K; C K,, where Ky = a1, K| = a1 + as, and Ky = a1 + as + as.
We have the dual of the flag as

Ki =at = V(zg+32) =P(span{(=3:1:0:0),(=3:1:1:0),(=3:1:1:1)})
K =at Nay = V(2 + 31,20 + 322) = P(span{(=3:1:1:0),(=3:1:1:1)})
Ki =at Nay Nay = V(g + 321, 20 + 372, 9 + 323) = P(span{(—=3:1:1:1)}).
In the Figure 15, the image on the left is the flag Ky, K; and K5 defined as above and the

image on the right is the flag K5, Ki- and Kj .

We note that the Figure 15 does not show the geometric meaning. The reason for that is the
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Figure 15: The affine picture of the flag before and after taking the polar.

images in the Figure 15 are in the affine chart, therefore we lose the most of the geometry in A*.

We will see how polarities give notion of orthogonality in affine space in the next subsection. A

3.2 Reciprocal Polar Varieties

First, we will define the reciprocal polar varieties and understand the geometry of it by the

definition. Afterwards we are going to see an equivalent way to define it.

Definition 3.3. Let X C P" be a smooth projective variety of codimension ¢, let i € {0, ..., dim X'}
and let K; C P" be a projective subspace of dimension ¢+ ¢ — 1. The i-th reciprocal polar variety
Wi is defined to be

{pe X\KM | T,X ¢t (p+ K"}

Remark 3.3. We will show that varieties X C P" of codimension ¢ = 1, the ¢ = 0 reciprocal polar
variety is the X itself. Since dim Ky = 0, we get dim Ky = n — 1, therefore dim(p + Kg) = n,
hence dim((p+ Ki)*) = —1, finally (p+ Ky )+ = 0. For each point p € X, we have (p+ K-)* =0
therefore W (X) = X.

Example 3.4. Let the ambient space be P3, let our projective variety be X = V(z?+x3+ 22 —22),
the quadric be Qrp = V(22 + 23 + 23 + 23) and the affine chart be {zy = 1}. Let K to be the flag
in Example 3.3 that is for the points

a;=(1:3:0:0), a2=(1:0:3:0), az=(1:0:0:3),

the flag K is Ky C K; C K», where Ky = a1, K1 = ay + as, and Ky = a; + as + as.

Let p = (po : p1 : p2 ¢ p3) € X. We will consider all the reciprocal polar varieties from
1 = 0 through ¢ = 2. Several observations specifically for this example are the following. Since
X is a hypersurface, T, X is a hyperplane. Therefore the only way that it has a non-transversal
intersection is when (p+ K;-)* C T, X. By polarity, this is equivalent to T,X* € (p+ K;-). Since

codim X = ¢ =1, we have dim K; = 1.
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Case i = 0: Using remark 3.3 we get Wi (X) = X.
Case i = 1: We have to check the points p € X where T,X* € p + Ki-. Firstly, T,X* =
(—po : p1 : pa @ p3) and by the Example 3.3, we get

K{ =P(span{(=3:1:1:0),(=3:1:1:1)})

Therefore essentially we are checking the condition that p € X such that

—Do Po -3 -3
1 1
P1 € span D1 ’ ’
D2 D2 1 1
D3 D3 0 1

Assuming the p ¢ K7 this relation can be seen as a rank condition of the matrix

—po po —3 -3
nm p 11
p2 p2 1 1
ps p3 0 1

Therefore we are going to check for which points p = [po : p1 : p2 : ps] € X, that matrix is
noninvertible. This is the condition that the determinant 2py(ps — p1) = 0. So first reciprocal
polar variety is the points p € X where either py = 0 or p; = ps. Since we have chosen xg = 0 to

be the hyperplane at infinity in the affine chart {xo = 1} we get

V(23 + 25+ 25 — 1,21 — 23).

Figure 16: + = 1 reciprocal polar variety example
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In the Figure 16, the black line passing through (3,0,0) and (0,3,0) is K; = a; + a in the
affine chart. The red sphere is the variety X in the affine chart. Finally the blue circle on the
sphere is the intersection of #? + 2% + 22 — 1 and x; — x5, which is the reciprocal polar variety for
i=1.

Case i = 2: See that K5- = (—3:1:1: 1) is a point, therefore we are looking at the following

membership problem

—Po Po -3
1
P1 € span P1 ’
D2 D2 1
P3 P3 1

Similarly to the case ¢ = 1, this can be calculated by the 3 x 3 minors of

—po po —3
2N
p2 p2 1|
ps p3 1

which are {—po (2p2 — 2p3), —po (2p1 — 2p3) , —po (2p1 — 2p2)}. So we are looking at the points
p € X such that all of the above conditions hold. Observe that in the affine chart xq = 1, this is
exactly the set

V($%+$§+"L‘§—17 To — X3, T1 — T3, xl_m2> = {<L7L7i> ) <_ia_i7_i>}
V3 V3 V3 V3 V3 V3B

Therefore, when we plot it in the affine chart we get the following image

Figure 17: Reciprocal polar variety for Ky

In the Figure 17, the blue plane is the Ky = a; 4+ as + a3 and the two black dots on the red
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sphere is the reciprocal polar variety for + = 2. Combining the image of the reciprocal polar variety

for K; and K5, we get the following image.

Figure 18: Reciprocal polar varieties with the flag

This image can be interpreted as the following: reciprocal polar variety is the subvariety of X,
whose points have the property that normal space at that point and the normal space projective

subspace intersect non-transversely. A

Now we will work with an example where the flag K itself lives inside the hyperplane at infinity

H,,. The first will be a degenerate example, and the second will be a non-degenerate example.

Example 3.5. Let X C P? be a projective variety, hyperplane at infinity H,, and the flag K as
before. Now to impose the condition of K; C H, for each i = 0, 1,2 we intersect K; with the H.,.

That is the flag we have now is the following:
P(span{(0,3,0,0)}) C P(span{(0, 3,0,0), (0,0,3,0)}) C P(span{(0,3,0,0), (0,0,3,0),(0,0,0,3)}) C P

As in the previous example, we will work case by case.

Case i = 0: We have Wy (X) = X by the remark that was established.

Case i = 1: Seethat K = {y € P3 : VA, Ay € k: 3\ y1+3\aye = 0} = P(span{(1,0,0,0),(0,0,0,1)}).
Now the condition 7, X+ € p + K translates to

—Po Po 1 0
0 0

b € span ! , ,
D2 D2 0 0
D3 D3 0 1

But for any p € X this condition holds trivially. Therefore Wi (X) = X.
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Case i = 2: Similarly to the case i = 1 we get K3 = {y € P3 : VA, , A3 € k@ 3Ny +
3Xay2 + 3A3ys = 0} = P(span{(1,0,0,0)}). Now the condition T,X* € p + K; translates to

—Po Do 1
0

P € span p1 ,
D2 D2 0
D3 D3 0

which again trivially holds for any p € X. Hence Wi (X) = X as well.
So for each of the cases we got the same variety for the reciprocal as well. The reason for this

behavior will become evident in the theorem at the end of this section. YA

Before moving on, we are going to do the same calculation where we change the variety X to

be the ellipsoid and see the geometry that is happening.

Example 3.6. Our ambient space is P?, projective variety is X = V(—23 + ;23 + co23 + c373)
where c1, ¢y, c3 are positive real numbers. Let the quadric Q = Qpp = V(23 + 2? + 23 + 23).

Choose the flag K to be the same as before
P(span{(0,3,0,0)}) C P(span{(0,3,0,0), (0,0,3,0)}) C P(span{(0,3,0,0), (0,0,3,0),(0,0,0,3)}) C P°.
For p = (po : p1 : p2 : p3) € X we see that the tangent space at the point p is

T,X = V(=poxo + c1p121 + C2paa + c3p323)

and its polar is

TpXJ- — (—po 1 C1P1 - CaPg 03]73)'

We will do case-by-case analysis for the calculation of the reciprocal polar variety. As before by
the remark 3.3, WI%O (X) = X therefore interesting picture happens at i = 1 and 7 = 2.

Case i = 1: By our previous calculation K- = P(span{(1,0,0,0),(0,0,0,1)}) therefore the
condition T, X+ € p + Ki is

—Po Po 1 0
c1p1 D1 0 0
€ span , ,
CaP2 P2 0 0
C3P3 D3 0 1
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This condition is satisfied for those p € X such that the determinant of the augmented matrix

—Po Do
ap1 P1
CoP2 P2
C3P3 P3

o O O =
_ o O O

is 0. When the determinant is calculated we see that this is the condition of p € X such that

p1p2(c1 — ¢3) = 0. Therefore for ¢ = 1 the reciprocal polar variety is
Wi, (X) = V(cr12] + com3 + 323 — 3, 2122).

In the affine chart {xy = 1}, this is the curve:

Figure 19: First reciprocal polar variety for ¢; =1, co =2, c3 =3

Case i = 2 Similarly Ky = P(span{(1,0,0,0)}) therefore the condition T,X* € p + Ky is

—Do Do 1
c1p1 D1 0
€ span ,
Cap2 D2 0
C3P3 P3 0
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So we are looking for the points p € X such that 3 x 3 minors of augmented matrix

—Po Do
ap1 P1
C2P2 P2
C3P3 P3

o O O =

vanishes. The 3 x 3 minors of that matrix are {paps(ca —c3), p1p3(c1 —c3), p1p2(c1 —c2)}. Therefore

the second reciprocal polar variety is
Wie,(X) = V(e12] + e233 + 323 — 23, 2213(c2 — ¢3), 2123(c1 — ¢3), B122(01 — ¢2)).

A case-by-case analysis shows that, in the affine chart o = 1, the second reciprocal polar variety

consists of six points given by the intersection of ellipsoid with the coordinate axes.

Figure 20: Second reciprocal polar variety for c; =1, co =2, c3 =3

Now if we combine both of the pictures, we see the inclusions of first and second polar varieties

as well.
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Figure 21: First and second reciprocal polar varieties for ¢; =1, co =2, c3 =3
Note that the images do not include the flag, since the flag lies in the hyperplane at infinity.
Its role in these pictures is to describe directions. A
Lemma 3.7. Let p € T, X" then p € Q.

Proof. Let p € T,X* then by definition (p, ’U>Q = 0 for every v € T,X. By Lemma 2.5 we know
that p € T, X therefore, in particular we get (p,p), = 0. Expanding this we get Yoo %(p)pi =0.
Since ¢ is degree two homogeneous polynomial by Euler’s relation 2.4 we get 2¢(p) = 0, which

implies p € Q. [ |
Lemma 3.8. If X intersects Q transversely, then for all points p € X, we have p & T,X*.

Proof. Let p € X then we will consider two cases. If p ¢ @ then by Lemma 3.7 we have p ¢ T, X .
If pe @, then p € X N Q. By transversality assumption on X and (), we have

T,X +T,Q = P". (13)

By Lemma 3.6 for p € Q, we have T,Q = p*. After taking polar of both sides of the equation
(13), we get

0= (Pt = (T,X +T,Q)*
= (I,X +pJ_>L
— (TpXJ_ ﬂp)lJ_
= TpXL Np,

which implies p ¢ T, X*. [ |
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Remark 3.4. We are going to show an equivalent way of defining the reciprocal polar varieties,
where @ intersects X transversely which implies p ¢ 7, X+ by Lemma 3.8. Let p ¢ K;-, we start
off by finding the dimension of (p + K;*)*. By assumption dim K; = i +n — m — 1 therefore
dim K = m — i, hence dim(K;* + p) = m — i + 1, finally dim((K* + p)t) =n—m+i— 2.

The condition 7, X # (p+ K;-)* which means dim(7,X + (p+ K;")*) < n is equivalent by the

Grassmann formula 2.3 to

n > dim 7, X + dim(p + KH* - dim(7,X N (p+ K)h)
—m+ (n—m+i—2)—dim(T,X N(p+ K)*).

By reordering we get the other equivalence
dim(T,X N (p+ K)*) >4 —2

which is
dim(T, X N (p+ K;-)*") >i—1

Now using Lemma 3.5, we have following equalities
T,XN{p+KHr=T,XNp"NK,=(T,X"+p)*nNK,=(T,X"+p+K")*"
therefore
dim((T, X" +p+ K)") >i—1

which is equivalent to
dim((T,X* +p) + K) <n—i.

We are going to calculate of the dimension dim(7,X* + p). Since dim(7,X) = m by taking
polar we get dim(7,X*)=n—m —1. As p ¢ T,X* we get dim(7,X* + p) =n — m. Now using

the Grassmann formula again, we get:

n—i>dim((T,X* + p)) + dim(K}) — dim((T, X+ + p) N K;5)
=(n—m)+ (m—1i) - dim((T,X* +p) N K;")
=n—i—dim(T,X* +p)NK;)

which is therefore equivalent to dim ((TpXL +p)N KZL) > 0 or equivalently, (T,X++p)NK; # 0.

Therefore, we can write the i-th reciprocal polar variety as either

Wi (X)={pe X\ K;" | dim (T,X" +p)NK;") >0}
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or

Wic(X) = {p € X\ K [ (X" +p) N EK;" # 0}

So in the case of i = m, K,, is a hyperplane and K is a point. Assuming that it is not a point
in the variety X it is
Wi (X)={peX| K, e (T,X" +p)}.

3.3 Affine Reciprocal Polar Varieties

In the previous subsection, we have shown some examples of the affine reciprocal polar varieties.
In this subsection we are going to make it precise and show why it is also useful to think about
them.

First we note that the image for the affine reciprocal polar varieties changes when the flag is
contained in the hyperplane at infinity. Our first goal is to explain this phenomenon. In order to
explain it we first give an example of how intersection with hyperplane at infinity takes records

the directions.

Example 3.7. Let the ambient space be P?, the quadric Q = Qpp = V(x2 + 2? + x2) and the
hyperplane at infinity H,, = V(zg). Recall that we can decompose projective space as P? =
A? U H,,, where H,, keeps track of the directions. So given X C P2, when we intersect it with
hyperplane at infinity H,, which is denoted as X, it keeps track of the possible directions that
Y = X N A? reach infinity. For example, for X = V(z129 — 23), we have Y = V(z;z5 — 1). and
Xoo = V(z125). If we plot these, we see that in the A? there is the Y and the 2 points at the
infinity.

Figure 22: xy = 1 and the two points at infinity in red.

The reason we are saying two points at infinity although there are four red dots in the image is
because the points at H,, are the lines. So two dots in the image defines a one line that corresponds

to the line that goes to infinity in that direction. A

53



Now using the idea of having directions in H,, we are going to define the normal space at a

point.

Definition 3.4. Let @) be quadric, H,, be a hyperplane at infinity, and L be a projective subspace
in P" not contained in H,,. Take p € L then the normal space of L at p denoted as Lj CP"is
defined as
1 L
Ly =p+ (LN Hy)".

Where polarity | on (LN H,,) is the induced polarity by Q. := Q N H,,. Since H,, ~ P""! and
(LN Hy) C P! we can think of Q. as the quadric defined for P"~! which are the directions of
A" =P\ Hy.

Example 3.8. In this example we are going to use the observation that when the Q) = Qgp the
polarity defines an orthogonal complement in the projective space. Suppose we are in P? and
Q= Qpp =V(z2 +2? + 22 +22) and L = V(cowg + 121 + 23 + c3x3). When intersected with
the hyperplane at infinity Q. = V(2% + 23 + 22) and LN H,, = V(¢171 + co®9 + c313). Therefore
the polar is

(LN Hy)t=(0:¢1:cy:c3)

since this is a hyperplane in H,, ~ P2. Finally when we projective span with the point p we get

L;j = P(span{(po, p1,p2,p3), (0, c1,¢2,¢3)}).

Notice that we lost the ¢ in the expression of Llf however it makes sense since ¢y only accounts
for the translation of L in the affine chart A3 = P?\ H,, and it does not change the normal space.

Say co = —3 and ¢; =cy =c3 =1 then clearly p=(1:1:1:1) € L. The image below is the
LNA? and L; N A® together.

gy

Figure 23: L N A3 and L; N A3

The reason it gives the correct normal space at that point p can be seen as follows. Intersecting
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Figure 24: Normal space of a line passing through A and B at the point p

L with H., records all possible directions in which L goes to infinity, viewed in L N H,, C P2. We
have already observed that when () = Qgp the polarity coincides with the orthogonal complement
in affine cone. Therefore, (L N Hy)* is the orthogonal complement of the L in the space of
directions. Finally, taking projective sum with the point p € L just allows us to move the (LNH)*
to the p € L in the affine chart A3, A

Example 3.9. Consider another example where L is now a line in P3. Let A = (1:a; : as : a3)
and B = (1 : by : by : b3). A line L spanned by A and B intersects the hyperplane at infinity at
LNHy=(0:a; —by:ay—by:az—bs). Now taking polar with Q@ = Qgp gives the hyperplane

V((al — b1)$1 + (CZQ — bz)%g + (Clg — bg)l'g). (14)

The normal space of L at the point p is therefore (14) translated to p = (1 : p; : p2 : p3) which
is
V((a1 = bi)(z1 — p1ao) + (a2 — ba2)(x2 — pawo) + (a3 — bs) (3 — p3zo)).
As an example choose A=(1:2:0:0)and B=(1:0:2:0)thenp=(1:1:1:0) € L
as well. So if we plug in the variables for the normal space we get the equation V(zs — 1) which

can be seen from the Figure 24 as well. A

With this construction we are going to define the Euclidean normal space of a projective variety

at a point.

Definition 3.5. Let X C P" be a smooth projective variety, and p € X be a point. Let quadric
Q=Qpp =V(z?+- -+ 22+ 23). Let Hy, C P" be a hyperplane at infinity. We say N,X =
p+ (T,X N Hy)* is the Euclidean normal space at the point p.

Remark 3.5. In the affine chart A™ = P" \ H., the Euclidean normal space at the point p N, X

really does give the normal space. So we have a notion of normal space in the projective setting
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Figure 25: Tangent space and the normal space in the affine cone

using this definition. The reason we are getting the normal space is the following. First 7, X is the
tangent space the point p and when intersected with H,, it records the directions in H,, ~ P!
where T, X is reaching. Since polarity in the quadric ) = Qgp gives a notion of orthogonal
complement (T,X N Hy)* is the direction of the orthogonal complement of the tangent space.

Therefore in order to move the normal space to point p we projective sum with the p as well.

Example 3.10. Let X C P? be the projective curve defined by f = x1zo — 2% = 0. Consider the
point p=(1:1:1) € X, we are going to compute the Euclidean normal space of X at the point
p NpX.

First we will find the tangent space 7, X which is given by the projectivization of the kernel
of Vf(p) = (=2,1,1). Therefore T,X = V(—2x¢ + x1 + x3), in the affine chart zy = 1 this is
the line 27 + o = 2, that is a line through (2,0) and (0,2). We have already computed the
normal space at (1,1) of the line passing through (2,0) and (0,2) in Example 3.9. The only
difference now is previous example was embedded in P? using w3 = 0. Therefore the normal space
is N,X = V(2(xq — x9) — 2(x2 — 20)) = V(221 — 222) = V(21 — 22). The Figure 25 shows the

tangent space and the normal space in the affine cone A? for this example. A

In the Figure 25, the blue curve is the zy = 1 in the affine cone A® of P? on z = 1. The
black line is the affine tangent space and the blue plane is the projective tangent space. Therefore
after intersecting with hyperplane at infinity, which is z = 0 in that picture we get the image
on the left. Now since when ) = Qgp, taking polars is the notion of orthogonal complement in
the affine chart, we get the normal space in z = 0 in the image on the right. After we take the
projective span with the point in the variety we get the turquoise of the normal space. Finally,

when intersected with z = 1 we get the exactly the normal space in the affine picture.

Remark 3.6. In our previous definition of reciprocal polar varieties there was no assumption on
the flag IC. That is why when we were looking at the affine chart the images were not directly
corresponding to the normal spaces. Now we are going to define the affine reciprocal polar varieties

with the assumption of every element in the flag I is contained in the hyperplane at infinity H..
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Therefore the condition with p + K- will be actually the normal space of K; since we have

Definition 3.6. Let H,, C P" be the hyperplane at infinity and let A" = P"\ H,,. We consider
the affine part of projective variety X as Y = X N A". Assume that every projective subspace K
in the flag IC is contained in the H,,. Take i = 0,...,m, let L = K; C H,, be a linear space of
dimension ¢+ 7 — 1. We define affine reciprocal polar variety to be the affine part of the reciprocal

polar variety, that is
WiH(Y) == WEH(X)n A"

where A" = P\ H.

Remark 3.7. We will assume that H., = V(z) for the ease of computation and visualization.
However one could have taken last element K, ; of the flag I to be the H,, itself, then there
would not be any confusion. However in our previous examples we sometimes tried to visualize

the reciprocal polar variety in an affine chart where K was not in the hyperplane at infinity.

Remark 3.8. In the setting of reciprocal polar varieties note that projective subspace (p+ L*)* is
contained in the hyperplane H,, since L C H,, therefore HX C L+ hence HL C p+ HL C p+ L+
finally

(p+ L") C Hy.

Therefore we can define the affine cone I, 1 of (p + L)t to be a linear subspace in the affine
cone A" of H,, C P!,

Proposition 3.9. [5] Affine reciprocal polar variety can be written as
Wi (Y)={peY\L" | T,Y §i .}

where T,)Y is the affine tangent space at p, centered at the origin.

We refer [5, 2.2. Generalized polar varieties| for the details of why these two affine reciprocal
polar varieties are the same. However we will demonstrate the theorem in an example and show

what we mean by the affine cones of (p + L1)*.

Example 3.11. Consider the continuation of the Example 3.6. Note that the flag I is contained in
the hyperplane at infinity H., = V(xg). We have calculated the reciprocal polar varieties through
some rank conditions on a matrix. In this example we are going to give an explicit description of
(p+ K)* for i = 1,2 as the projectivization of a linear subspace using p.
As a reminder we have Ky C K; C K, = H,, C P® and by taking polars and projective sums
we get
(p+Ky)" Cp+Ki)" C(p+Ky)" C He.
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By dimension considerations we have already shown that (p + Ky )t = 0. Therefore we will

work with ¢ =1 and ¢ = 2. For ¢ = 1 we have already written

Po 1 0
0 0
p+ Ki =P | span b , ,
P2 0 0
Ps 0 1

Therefore taking another dual of it we must have
(p+ KT ={y € PP : VA1, A, A3 €kt (Aipo + A2)yo + Mipiyn + Mipaye + (Aips + A3)ys = 0}

If we rearrange it with A;, Ay, A3 we must have three equations

M (Poyo + prys + oy + p3ys) =0
)\2(90) =0
>\3(y3) = 0.

Hence the elements y € (p + Ki-)* must satisfy yo = 0,y3 = 0,41 = —pa, ¥2 = p1 which implies

0
(p+ Kyt =P | spang | 7

P1

0

Similarly for i = 2 we have
Po 1
0
p+ Ki =P | span b ,

D2 0
D3 0

So as a set we have
(p+ KzL)l ={ye P | VA1, A2 €kt (Mpo + A2)yo + Mip1va + Aipeya + Aipsys = 0}

After rearranging in terms of A; and Ay we get

M (poyo + p1ya + p2ye + p3ys) = 0A2(yo) =0
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therefore

0 0
(p+K#)- =P |spand | 2|, |7

D1 0

0 D1

Now coming back to the theorem the affine cones are IILKf' = span(—pa, p1,0) C A% and IP,KZL =
span{(—p2, p1,0), (—p3,0,p1)}. Our initial X was the projective ellipsoid therefore Y = V(c;2? +
cox3 + 323 — 1). The affine tangent plane of Y at the point p denoted as T,Y is given by

T,Y = ker(cip1, cap2, csps) = V(cip1x1 + capata + c3psxs)

Now for i =1, I, k. intersects 7)Y non-transversely if and only if [, Kkt © 1Y which is equivalent
to basis vector of L, Kt evaluates to 0 under the linear functional cip1x1 + copaxs + c3psxs defining

T,Y . Therefore we must have

c1p1(—p2) + copapr =0

This is the condition p1pa(ca — ¢1) = 0. Since ¢o # ¢; we must have either p; or ps equal 0.
Therefore

WIJ(_1 (Y) =YnN V(Z‘ll’z)

which is the exact affine reciprocal polar variety we have found in the example 3.6 with the image
19.

Now for the case ¢ = 2 since both T} and I, x1 are 2 dimensional subspaces of A3 the only
way they can intersect non-transversely is when they are exactly the same. Two planes are the
same if their normal vectors are proportional.

The normal vector of affine tangent space T,,Y" is (c1p1, capa, c3ps). The normal vector of I, Ky
is cross product of (—pa,p1,0) and (—ps, 0, p1), which is (p?, p1p2, p1p3). We are interested in the
direction therefore can divide it by p; to get (py : p2 : p3) for the normal direction of I, Kt

Now these two normal vectors are proportional to each other if and only if rank of 2 x 3 matrix

c c &
'k 1P1 C2P2 C3P3 1
P1 D2 P3

When we calculate the 2 x 2 minors of this matrix we get the following system:

is 1:

P2p3(02 - 03)
0

P1p3(01 - C3)
P1p2(01 - 02) = 0.

Therefore the affine reciprocal polar variety is Wy (V) = Y N (V(zox3) U V(z123) U V(z122)).
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Which is the exactly what we got in the Example 3.6 and the Figure 20. This calculation also

explains why ¢; = 1,co = 1,¢3 = 1 in example 3.5 was a degenerate example. A

We now arrive at the theorem that allows us to connect top reciprocal polar variety to the

Euclidean distance optimization problem.

Proposition 3.10. Let X = V (Fy,...,Fy) C P" be a variety of codimension ¢ (where s > ¢
), and let Q@ = V(q) be a quadric. Let Y = X NA™ be its affine part Y = V(fi,..., fs), where
A" =P"\Hy and Hy, =V (20). Then the affine reciprocal polar variety Wiz _(Y') is the closure of
the set of smooth points of Y where the (¢ + 1)-minors of the augmented Jacobian matriz vanish.
That is

9q Jq
(fiooos fo) + ( (c+1) X (c+ 1) minors of | 2+ O
Oxy Oxy °

Proof. Let Jy(p) be the s x n Jacobian matrix of ¥ evaluated at the point p. Since X is smooth
the rank of the Jacobian matrix at p is c. The translated affine tangent space is the kernel of the
Jacobian matrix, that is 7Y = ker Jy(p). By Lemma 3.5 we have (p + H-)* = p* N H. Since

p is a point

L \V ;
P = V(3 o)
and since H,, = V(xy) we get that
00

Since @ is nonsingular, the gradient vector V¢(p) # 0, meaning I,, gL 1s a hyperplane of dimension
n — 1 in affine cone A" of H,, ~ P!

Since I, . is a hyperplane, the only way T,Y #i I, y. is to have T,Y C I, ., which is
equivalent to saying ker(Jy(p)) C ker(Vq(p)). Now by linear algebra this holds if and only if
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Vq(p) is in the row span of the Jacobian matrix Jy (p). If we write the augmented matrix

Fp) - 5L (p)
0 0
o | = o )
Ofs Ofs
Lp) - E=(p)

we have the following observation: Since rk(Jy(p)) = ¢, if Vq(p) € row Jy(p) then rk M = ¢
otherwise tk M = ¢+ 1. So the non-transversal intersection holds if and only if rk M < ¢, which

is equivalent to vanishing of all (¢4 1) x (¢ + 1) minors of M. |

Example 3.12. [28, Example 4.1] Assume ¢ is given by ¢ (zo, Z1, ..., Zn) = 23+ > 1, (¥; — uixo)Q
for some sufficiently generic uy, . . ., u,. Then g restricts to the 327 (z; — u;)*+1 in A" = P\ H..
Note that it differs from the squared Euclidean distance by constant 1, hence has the same critical
points. The affine reciprocal polar variety is given by the vanishing of the (¢4 1) x (¢+ 1) minors

of the matrix

Ty — UL *+ Tp — Up
of ce oh
8:171 8$n
Ofr ce Ofr
ox1 (o7

and the points in the variety. This is the set of critical points of the Euclidean distance problem

as can be seen from the paper [17]. A

Example 3.13. Let X = V(c12% 4 co3 + c323 — 23) be a projective ellipsoid, and Hy, = V(zg) the
hyperplane at infinity, exactly as in example 3.6. Let a; = --- = a,, = 0 then the metric quadric
q defines the Q = Qgp. In the affine chart Y = X NA™ is given by Y = V(c12? + cox3 + c373 — 1)
which is codimension 1. Then by the Example 3.12 the second affine reciprocal polar variety is
defined by

2x 2x 2x
<cle + cox5 + 375 — 1> + { 2 X 2 minors ! 2 ’
2011131 2021’2 263233

Once the minors are calculated and factored out, we see that the affine reciprocal polar variety

are the points satisfying the following polynomial system

2 2 2
c1x] + coxy + csxz =1
ZL‘1[E2<CQ - Cl) =0
ZL‘1$3(63 — 61) =0

l’gﬂ?g(Cg — CQ) =0.
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Assuming ¢; # ¢y # c3, we get Wy (Y) = V(e122 + oz + c3x3 — 1, 2109, 103, Tow3). These are
precisely the 6 points in the Figure 20. Notice that these are the same algebraic conditions we

derived manually in Example 3.6 for the case i = 2. A

Remark 3.9. Note that since we have chosen a; = as = a3 = 0 in the previous example. If it was
also the case that ¢; = ¢o = ¢3 = 1 then X would be a sphere like in the Example 3.5. All points
on the sphere have the same distance to the origin. Therefore every point would be a critical

point; hence, it is why ¢; = ¢ = ¢3 = 1 is a degenerate example.

4 Higher-Order Classical and Reciprocal Polar Varieties

Our setting is a smooth algebraic variety X over the complex numbers C of dimension m. We follow
[29] and [31]; however, we keep the approach as coordinate-based and computable as possible. Our
goal in this section is to introduce higher-order polar varieties. The main emphasis will be on the
geometry of osculating spaces, which will allow us to extend the notion of higher-order Euclidean
distance optimization to higher-order polyhedral optimization, which will be given in Section 6.

In the previous section, we considered projective varieties X C P" given by defining equations
V(Fy, ..., Fs). In this section, we shift our perspective and consider our projective variety X via
an embedding f : X — P". If X is already embedded in P, this map f can just be the inclusion
map ¢ : X — P". We will continue to assume that X is smooth and irreducible. Since f is an
embedding, we will identify the point p with its image f(p), and the variety X with its image
F(X).

Let p € X. Since morphism to projective space need not be represented globally by regular
functions, we will work with local coordinates. Therefore around p there is an open subset U C X

such that in local coordinates t = (¢, ..., ;) the morphism f restricted to U will be given by

f@t) =Tloo(t) : -~ on(B)],

where o; are regular functions Ox(U) that do not vanish simultaneously.

In many examples, X admits a global parametrization via f : P™ — P". In this setting, for
coordinates (xo, . . ., x,) of P™ the morphism f is given by [Fp : -+ - : F,,] where F} are homogeneous
polynomials of the same degree d that do not vanish simultaneously. On the affine chart xqy # 0,
with coordinates ¢; = *, the local representative functions oi(ty, . tm) = Fi(1,t1,...,t,). We
denote t = (t1,...,tm).

Definition 4.1 (Jacobian Matrix). Let p € X then f : X — P" is locally given by f(¢y,...,tm)
[o0(t) : -+ : 0,(t)] near p. The Jacobian matrix of f evaluated at p, denoted Jr,, is the m x (n+1)
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matrix of first-order partial derivatives:

00
Jr» = { 6; (p)] 1<i<m

0<j<n

Example 4.1. Let f : P2 — P° be f([xg : @1 : @3]) = [22 : wowy : Towa : 22 : 2179 : 23]. Then on
the affine chart zy # 0 for local coordinates t; = x1/x¢ and ty = x3/x0, the morphism f restricts
to f(1,t1,te) = [1:#y : tg : t3 : tyty : t3]. Since X = P? is dimension m = 2 the Jacobian matrix
Jr.p, has dimension 2 x 6. The partial derivatives % = (0,1,0,2ty,t5,0), g—tj; = (0,0,1,0,1tq,2t)
implies that at a point p = (p1, p2) in this affine chart, the Jacobian matrix is

010 2p1 P2 0
jfvp = *
001 0 pi 2p

A

Definition 4.2 (Projective Tangent Space). If X is given by an embedding f : X < P™ where
locally around p € X, f is represented by f(t) = [o¢(¢) : - - : 0,(t)], then projective tangent space
at smooth point p € X, denoted T,(f) is defined to be

P <r0w <ao(p) On(p)>> C P,
jf,p

Example 4.2. Continuing the previous example, since f(p) = [1 : py : p2 : p3 : pipe : p3] the

projective tangent space is

1 p1 p p% P1p2 p%
Plrow|O0O 1 0 2p1 py O

00 1 0 p1 2p
A

Remark 4.1. Note that in the last two examples, the morphism f was a map P? — P° given by
homogeneous polynomials. We could have performed the same computation without passing to
the local coordinates and computed the tangent space directly in homogeneous coordinates. This

remark will become clearer in the following sections.

The main objects of this section are osculating spaces, which form a particular flag in projective
space, whose first term is the projective tangent space. Therefore, using the higher terms of the
flag, we can generalize the constructions of polar varieties by replacing the tangent space with
higher-order osculating spaces and define higher-order polar varieties.

Formally, osculating spaces are defined using jet maps and the bundle of principal parts
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P*(Ox(1)). However, because our goal is to keep these constructions concrete and computable,
we will take a coordinate-based approach. Instead of using sheaf-theoretic machinery, we define
osculating spaces directly via higher-order partial derivatives. By taking the Taylor expansion of
our parametrization up to order k, we can construct “jet matrices” whose row spans explicitly
compute the osculating space at any given point. We develop this matrix-based construction in

the following subsections.

4.1 Morphisms to Projective Varieties

We briefly recall how morphisms to projective space are defined globally via line bundles.

Lemma 4.1. [22, Lemma 7.5.14] Let X be a scheme over an algebraically closed field. There is
a one-to one correspondence morphisms to projective space with data of line bundle L with set of

global sections {oq,...,0,} that are base point free up to some isomorphism:

line bundles L on X together with global
{ morphisms f: X — P"} «— sections oy, . ..,0, € I'(X, L) such that:
for all P € X there is some o; with o;(P) #0

For P", we have a line bundle Opx (1) whose global sections I'(P", Opn (1)) are the linear forms
Clxo, - .., 2,1 which are generated by the standard homogeneous coordinates {zo,...,x,}. The
one to one correspondence in the Lemma 4.1 is realized by the pullback f* of the global sections
of the line bundle Opn(1) to X, that is £ = f*(Opn(1)) and the pullback of the basis elements
o; = f*(z;) e (X, L).

Evaluating the morphism f at any point p € X is precisely the evaluation of these n+ 1 global

sections:

f(p) =loo(p) : -+ 1 ou(p)]

Because the sections are base point free by the Lemma 4.1, there is no point p such that o;(p) = 0
for all 4. This makes f(p) a well-defined point in P".

Example 4.3. Let f : P! — P? where [u : v] — [Fy(u,v) : --- : F3(u,v)], where F; are all
homogeneous polynomials in variables u, v in degree d not all vanishing at the same u, v except at

the origin. The map f induces homomorphism f* of graded rings

f* K|z, 1, 22, x3] — k|u, v]
x; — Fi(u,v)
We need to have 4 sections in T'(P3, Ops(1)). Choosing them x; and line bundle £ = f*Ops(1),

the sections will now be f*x; = Fj(u,v). We claim that f*Ops(1) ~ Op:1(d), which can be seen as

follows:
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Let W C P? be an open subset, a section s € I'(W, Ops(1)) is a rational function s = f/g
where f and g are homogeneous polynomials where g # 0 on W and deg(f) — deg(g) = 1. If we

precompose s with f, that is

frs(u,v) =

the degree of f*s is now d - deg(f) — d - deg(g) = d - (deg(f) — deg(g)) = d therefore it maps the
sections to degree d. Then f is characterized by (Op:(d), Fo(u,v), Fi(u,v), Fa(u,v), F3(u,v)) as

we see from the map f as well. A

Example 4.4. [22, Example 3.3.11] Let X = V(zox2 — 27) and consider the map

(x1:x9) if (xg:xy:xe) #(1:0:0)

fIX—)]P)l, (1'0111121'2)’—) .
(xg:xe) if(xg:axy:ae)#(0:0:1)

This is well defined because whenever (z; : x5) and (zq : x1) are well defined, since they are equal by
the equation xgzy —x? = 0. The inverse is given by f~! : P! — X (yo : y1) — (42 : yoy1 : ¥7) which
is again a morphism since the components are all degree 2 homogeneous polynomials. Therefore
f is an embedding. Note that this is an example where f is an embedding of projective variety

that does not have a global description by homogeneous polynomials. A

4.2 Bundle of Principal Parts and Jet Maps

To define osculating spaces, we need to capture the behavior of the higher order local behavior of
the map f. In calculus this would be done using Taylor expansions, however in algebraic geometry
this is formalized by the bundle of principal parts.

Although the bundle of principal parts can be defined more generally for any quasi-coherent
sheaf on a k-scheme X, for the purpose of this section and onward, we are only interested in the
local behavior of its fibers. For interested reader, we refer to [19, Chapter 7.2] to more details.
However, for the sake of completeness, we are going to give the full description and explain the

local behavior immediately after.

Definition 4.3. [19, Chapter 7.2] Let £ be a quasi-coherent sheaf on a k-scheme X, and write
m,me » X X X — X for the projections onto the two factors. Let Z be the ideal of the diagonal
in X x X. We set

PH(L) = mo (T} L ® Oxxx /T,

which is again a quasi-coherent sheaf on X. When X is smooth we call this the bundle of principal

parts.
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Theorem 4.2. [19, Theorem 7.2] If p € X is a closed point, then there is a canonical identification
of the fiber P*(L) @ r(p) of PX(L) at p with the sections of the restriction of L to the k-th-order
neighborhood of p; that is,

PHL) @ k(p) = H® (L ® Ox,p/m )

as vector spaces over k(p) = Ox p/mx, = k. In other words,

{ germs of sections of L at p}
{ germs vanishing to order >k +1 at p}’

PH(L) ® K(p) =

For the rest of the text, our quasi-coherent sheaf £ will always be the line bundle Ox (1) =
f*Opn(1), and for the point p € X, we will denote the fiber of P™(Ox (1)) at point p as P, (Ox(1)).

By the Theorem 4.2, this is a vector space of local sections truncated at order k + 1:

OX ~ m+k
PHOx(1)) = H° (X, Ox(1) @ mk;j) ~ (")
P

where m, C Ox ), is the maximal ideal corresponding to the point p € X. The quotient by m’;“
is the operation of truncating the Taylor series at order k. The dimension of this vector space
corresponds to the number of monomials of total degree at most k in m variables which is precisely
m—+k
(")
Definition 4.4 (k-th Jet Map). Let p € X, then locally around p write o in terms of local
coordinates (ti,...,t,). The k-th jet of a section o at p, denoted jj ,(o), is the (m;rk)-tuple

. 1 aMU k 0 OXP ~ m+k
Jhp(0) = (W o (p)) o EP(Ox(1) = H (X, Ox(1) ® mkH) ~ ("),
0<fal<k P
where o = (v, ..., qy,) is a multi-index, |af = a3 + -+ + @, and % denotes the mixed partial

derivative.

Example 4.5 (First Jet Map). Let p € X and a global section o € H® (X, Ox(1)). The first jet
of o at p is the (m + 1)-tuple:

| 0 0 0 .
]17p(0-> = (J(p)’ﬁ_z(p)""’(??a(p)> c HO (X70X(1) ® r:Q,P) ~C +1

P

Therefore the first jet map j; ,(0) encodes the value of o(p) and all of its first partial derivatives.

A

For each point p € X we have a map ji, : V — Pg((’)x(l)). Gluing them together yields a
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morphism of vector bundles on X.
Ik VeOx — Pk(Ox(l)),

where V' C I'(X, Ox(1)) is the vector space spanned by the sections oy, ..., o, defining our map
f.

Definition 4.5 (k-th order jet matrix). Given global sections oy, . .., 0,, we define the k-th order

jet matrix as

A(f) = (Laa'“ﬁ <p>) st = (ko (00 [y (00) |-+ Lk (0) )

la|! Ot~ 0<Tal<k
0<B<n
Example 4.6. Let f: P? — P° be f([zg: 71 : @2]) = [ : zow1 : Toxo : 23 1 2179 ¢ 73] as before,
therefore in the affine chart zy # 0 the map is locally f(1,t1,t2) = (00,01,...,05) = [1 :t; : to:
t2 : t1ty : t2]. For k = 0 since |a| = 0 we are not taking any derivatives therefore the 0-th order jet
matrix is A;O)(f) = (00(p), ..., 0un(p)) = (1, p1, p2, p3, p1p2, p3). Now for k = 1 jet matrix will have
the last rows to be %(p) and g—tj;(p). Therefore

pP1 D2 P% P1pP2 p%
0 2p1 po 0

1

1 —
AD(f) =0 1
0 0 1 0 P1 2p2

Note that this is the same matrix as in the calculation of the projective tangent space. Finally for

k = 2, we need to calculate the second order partial derivatives as well, which are

10/
21 Ot2

O*f
Ot10t,

1 9*f

YR (070707 17070)7
21 92

=(0,0,0,0,0,1).

=(0,0,0,0,1,0),

Therefore the 2-nd order jet matrix is

I ;1 p2 P% P1p2 Pg

0 1 0 2p1 po 0
A](f)(f): 0O 0 1 0 p1 2ps

0 0 0 1 0

0 0 0 O 1

0 0 0 O 0

As the row span of the 1-st order jet matrix was giving us the projective tangent space, the 2-nd

order jet matrix gives us the second order osculating space. A
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4.3 Osculating Spaces

Definition 4.6 (Osculating Space). For a fixed integer k and a point p, the osculating space ’]I";( f)
is defined as the projective span of all partial derivatives of the components of f at p up to order

k, that is the row span of k-th order jet matrix at p.

TE(f) = P(row(AP(f))).

Remark 4.2 (First osculating space is the tangent space). Note for £ = 1, the first jet matrix
A,()l) (f) is obtained by the value f(p), and the Jacobian Jy,. Thus the first osculating space ']I";( f)
coincides with the tangent space T,(f).

Example 4.7 (Twisted Cubic Curve). Let f : P! — P? be the map defined by (zg : 1) — (2 :
231 ¢ wox? ¢ w3). Let p = (po : p1) € P! such that py # 0 therefore locally with coordinates
t = x1/x the map is given by f(t) = (00(t),1(t), 02(t),03(t)) = (1,¢,t%,¢3). Let k = 1, now the

jet maps are

Jip(o0) = (1,0)

Jiplon) = (t,1)
(09) = (t%,2t)
(03) = (

therefore the first jet matrix is
1 2 3
=20 )
0 1 2p 3p?
Therefore the first osculating space is defined to be
1 2 3
P | row bbb .
0 1 2p 3p?

In the affine chart zq # 0 the curve is ¢t — (¢,t2,¢3). Therefore for the point p the point is
(p,p%,p®) and the tangent direction is (1,2p,3p?). Therefore the equation of the affine line is

(p, % p°) + t(1,2p, 3p%)

where ¢ is a scalar.
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A

Figure 26: Twisted cubic curve with first order osculating space at t = —1,1

Now let k = 2 then the jet maps are

j2,p(00) = (17 Oa O)
jQ,p(Ul) = (ta 17 O)
jQ,p(UZ) = (t27 2t7 1)
jQ’p(O-3) = (t37 3t27 St)
hence the second jet matrix is
L pp p
AP(f) =10 1 2p 3p?
00 1 3p

Therefore the second osculating space at the point p is ']I‘f,( f) is defined to be

1L pp p
Plrow |0 1 2p 3p?
00 1 3p

Similarly for & = 1 case, for the point p the point is (p, p? p®) and the tangent direction is
(1,2p, 3p?) and (0,1, 3p). Therefore the parametrization of the affine plane is

(p,p*,p”) + u(l, 2p, 3p*) + v(0, 1, 3p)

where u, v are scalars.
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Figure 27: Twisted cubic curve with first and second order osculating space at p = —1,1

Note that, we have inclusion of T}(f) C T2(f), and this actually holds in general. A

Remark 4.3. Let p € X, then note that we can write the k-th order jet matrix at p as

(k1)

for some matrix M. Therefore, we have increasing inclusions of row spans of the k-th order jet

matrices at p. This implies

{f)} =To(f) ST,(f) =T,(f) ST(f) S-S TH(f) ... (15)

Remark 4.4. We now demonstrate a way to compute osculating spaces directly for morphisms
of the form f : P — P". Working in homogeneous coordinates and using the Euler’s relation
2.4 for homogeneous polynomials, we show that the lower order derivatives become algebraically
redundant. This allows us to define homogeneous exact-order derivative matrices, enabling us
to compute the k-th osculating space simply by taking the row span of the k-th order partial

derivatives of the global coordinate functions, bypassing local computation.
Example 4.8 (Twisted Cubic Curve Global). Let f : P! — P? defined by (x¢ : z1) — (2 : 23z :

zox? : 23). The map f induces graded algebra morphism

7 Clzo, z1, 22, 23] = Clto, t]
3



For k =1 we will take the derivatives with respect to ty and ¢; hence for the point p we have

Therefore we will write the first osculating space ’]I‘le( f) to be row span of the jet matrix

| | | | vy pipr popt B
Aél)(f) = Jip (Uo) Jip (01) Jip (02) jl,p(U:a) = 3]?(2) 2pop1 P% 0
| | | | 0  p§ 2popr 3p3

Note that row span of A;S,l)( f) is the same as the row span of the last 2 rows by Euler’s relation
on homogeneous polynomials. This motivates us to define the last 2 rows of the matrix A;,l)( f)
as Dz(,l)( f) where we take only the first partial derivatives of the map f. Therefore row AI(,l)( f) =

row DS)( f). Furthermore when we evaluate py = 1 and p; = p as in the previous example the
matrix for Dl(,l)( f) is:
3 2p p* 0
( 0 1 2p 3p? )

Note that this matrix is row equivalent to

L pp* p
0 1 2p 3p?
since the second rows are the same and for the first row by row operations, specifically by relation

(1, 0% %) = = (3,2p,9%,0) + ]g (0,1,2p,3p%)

W

we get the same T)(f) as in the previous example.

Now let k = 2 then the jet maps are

t3:3t2:0:3t5:0:0)
3ty 2oty 2 ity i tg 2 0)
tot? 12 2ot 1 01 1y : tp)
£:0:3t7:0:0:3t)

<o
QlO
hS
—~ —~ —~ oS
Q
[\
S~— S— SN— ~—
I
—~ —~ —~ S

therefore arranging the jet maps in a matrix
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Py pip;v popt P}

3p3 2popr P O
0 P53  2popr 3pi

3po M 0 0
0 Po h 0
0 0 Po 3p1

| | | |
AD(f) = | Jop (00) Jop(01) Jop (o) oy (os) | =

Note that row span of last three rows of A% (f) spans whole row span of AP (p) by Euler’s relation
on homogeneous polynomials. Therefore If we write last 3 row of the matrix A1(,2)( f) as D,(JZ)( f)
where we take only the second partial derivatives of the map f. We get row Ai(,Q)( f) =row DI(,Q)( f).
Furthermore when we evaluate po = 1 and p; = p as in the previous example the matrix for
D(Q) e

b (f) is:

3 p 0 O
01 p O
001 3p
note that this is row equivalent to
L pp* p°
1 2p 3p?
1 3p

which is the matrix AI(,Z)( f) in the previous example. Therefore we got the same second order

osculating space T% (f). A

Now, in order to capture the use case of the D;,l) (f) and D},Q)( f) in the example, we restrict
to morphisms defined globally by homogeneous polynomials. Suppose f : P™ — P" is given by
homogeneous polynomials oy, . .., o, of degree d in coordinates (zq : -+ : z,).

Because we are taking k-th order derivatives, we define the set of indices
A ={aeN"||la|=ay+a1+ -+ am, =k}.

and note that |Ag| = (m;"")

Definition 4.7 (k-th order derivative matrix). Let p € X be a point. We define the k-th order

derivative matrix of f at p, denoted DS (f ), as the (m,jk) X (n+1) matrix whose rows are indexed

by a € Ay and whose columns are indexed by i € {0,...,n}, where

DW(f) = [8;,; W)
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Equivalently, we can write the matrix row by row as the k-th order partial derivatives of

f(z) =[oo(x) : ... : 0n(x)], that is

- a‘;’%f (n) -
_ 29 —
ppin=| =
— o f) -
where aq,...,ay is the lexicographically ordered elements of Aj, where N = (m:k) We will

denote D;,O)(f) = f(p).
In this global homogeneous setting, we have the following facts.

Proposition 4.3. Let k < d be a natural number; then the row span of the k-th derivative matriz

is inside the row span of the (k + 1)-th derivative matriz, that is
row D;k)(f) C row D;kﬂ)(f)

Proof. We will show that any row of Dz(gk)( f) can be written as a k-linear combination of the rows
of Dy (f).

We first note that partial derivatives of a homogeneous polynomials are still homogeneous
polynomials; therefore, we can use the Euler’s relation on higher partial derivatives as well.

Let o € A, be arbitrary, then %f(p) is one of the row of D,(,k)(f). We note that %f not

evaluated at p is homogeneous of degree d — k, therefore by Euler’s relation we have

() (L)

When evaluated at p and dividing both sides by (d—k) we see that e 2* f(p) is a k-linear combination
of

o ak ak—i—l
(530t ) = e f 0
where e; is the vector with 1 in ¢-th term and 0 otherwise. We see that o 4 e; € Ay, for each i,

hence any row of DI(,k)( f) can be written as a k-linear combination of the rows of D}(,kﬂ)( f). 1

Corollary 4.4. The row span of the jet matriz is equal to the row span of the k-th order derivative

matriz, that is row A;S,k) = row Dj(gk).

Corollary 4.5. The k-th osculating space is equal to projectivization of the row span of the k-th
order derivative matriz, TE(f) = P(row Dfok)).
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Example 4.9. Let f : P! — P? as f = (09, 01,09, 03), where og = t3, 01 = t3t1, 09 = tot3, 03 = 13,

then the jet matrix will be

t 3ty tot; ) f
32 2ty 20 oL Do)
0 2 2yt; 32 o "
AD(f) = 0 o = | 9 | = | DY(p)
P 6t, 2t 0 0 of b
0 1 Ototo DQ(f)
0 2 2, 0 ok P
0 0 2, 6t L
by Corollary T2(f) = P(row A§12)(f)) = P(row D]()z)(f)). -

Remark 4.5. We note that, if f is an embedding then the tangent space has constant dimension
however for k > 2 the dimension of the osculating spaces ']I"; (f) may vary. This motivates us to

define the generic dimension of the osculating space.

Definition 4.8. Denote the generic k-osculating dimension of f as m; = rk A;k)( f) — 1. for
generic p € X. Write the open subset X; = {p € X | rk Afg’“) = my, + 1} the points where generic

osculating dimension is satisfied.

Remark 4.6. We note that m; = m where m is the dimension of the variety X. Also note that

X7 = Xgm, where X, is the set of smooth points of X, therefore, in our case we have X,,, = X.
Definition 4.9. We say that X is globally k-osculating if X, = X.
Remark 4.7. At k = 1, this corresponds to X being smooth by the previous remarks.

Definition 4.10. We say that map f : X — P" is k-regular if X; = X and if vector bundle
morphism k-th jet map ji : V ® Ox — P¥(Ox(1)) is surjective.

Remark 4.8. Since vector bundles are a subcategory of Ox-modules we have j; surjective if and

only if ji , is surjective for all p € X if and only if

my + 1 = dim(Im j;, ,) = dimP;f(OX(l)) = (m;— k)

Therefore under the assumption of k-regularity the dimension of k-osculating space is my =

COR!

Proposition 4.6. [31, Proposition 2.5] Let f : X — P" be globally k-osculating for some k > 1.
Then it is C-osculating for all ¢ < k. Similarly if f is k-regular, then it is ¢ osculating for { < k.
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Proof. We prove by contrapositive. Suppose f is not f-osculating, by remark, we have seen that

(0)
A () = (A”M(f )> ,

for some matrix M, which implies Aék)( f) would not be maximal rank hence f is not k-osculating.

Example 4.10 (Closed Embedding that is not globally 2-osculating). Write f : P! — P3 which
is (t3 : t3ty : tot3 : t]). Therefore in the affine chart £, = 1 the map f is defined to be f(t) =
(1,¢,#3,t*). In the affine chart

1t 3 ¢t
2
AD(H)=10 1 3¢ 4
0 0 3t 6t

We note that rank of the matrix Af)(f) is 3 when t # 0 and 2 when ¢t = 0. We can write the
right kernel of the matrix A (f) at t # 0 as span{(—t4,2t3, —2¢,1)7}. But at ¢ = 0 the matrix
becomes

1 000

01 00

0000
in which right kernel is given by span{(0,0,1,0)",(0,0,0,1)"}. So we see that dimension of T>(f)
changes according to ¢t = 0. In the affine chart tq = 1 it is a curve given by (¢,¢3,t1), the second

osculating space at each t # 0 will be a plane moving across the curve. However at ¢t = 0, the

plane crashes to a line.

Figure 28: Three osculating spaces at the points (1,1,1),(0,0,0), (—1,—1,1)

In the Figure 28, the two turqoise planes are the second osculating spaces at the points (1,1, 1)
and (—1,—1,1). The turqoise line however is the second osculating space at the origin (0,0, 0).
The red line is the curve (¢,t3,t1). JAN
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Example 4.11 (2-osculating that is not 2-regular). Recall the Segre embedding P x P™ — PV
which was given by the degree 1 combination of all monomials in coordinate rings of P" and P™. If
we change the degrees it will be a different map. Write O(dy, ds) to be the line bundle corresponding
to P" x P"".Now we take the degree d; elements of the coordinate ring of P and degree ds elements
of the coordinate ring of P™. When these monomials multiplied, the corresponding structure is
the vector space Sym™ V; ® Sym® Vj where P* = P(V}) and P™ = P(V3). For example O(1,2) in

P! x P! would correspond to the map

P! x P! — P°.

((Io : xl), (yo : ?J1)) — (:coy3 - ToYolr - xo?ﬁ : xlyé CT1YolYr - xﬂﬁ)

Now on the affine chart xo = 1 and yo = 1 and denoting z; = x and y; = y the map would
correspond to

A = A® where (z,y) — (Ly, % =, 2y, xy).

Therefore we have the embedding
P! x P! < P(Sym' V; ® Sym? V3)

where the basis of Sym' V] is {xo,z;} and the basis of Sym® V, is {92, you1,y?}. The 2-regular
condition was X5 = X and mqs + 1 = (m; 2) = 6. We see that A](DQ)( f) cannot be rank 6 since at

fzz we have the zero vector, that is

1Ly v = ay ay
01 2y 0 =z 2y
00 1 0 0 =
00 0 1 y 192
00 0 0 1 2y
00 0 0 0 O

However we see that rank is always 5 hence X5 = X therefore it is 2-osculating. We note that
the reason this example works is due to [31, Corollary 2.10] in the paper, which states that Segre-
Veronese embedding is k regular if and only if £ < min(d) = min(dy, ds). In our example, we have
2 > min{1,2} = 1 therefore it is not 2 regular. A

We note that the only osculating spaces we can visualize that are nontrivial and interesting are

curves in three dimensional space. Now we classify them up to degree three in an affine picture.

Example 4.12 (Degree 1 Curve). A degree one curve in A3 is going to be given generically as a
Al — A3 in which t — (a1 + bit, ay + bot, as + bst) where @ = (ay, ay, az) and b= (b1, by, b3) are
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generic coefficients. If we homogenize this parametrized curve we get a map

f:Pl— P
(to : t1> — (to sarty + bltl D agto + bgtl s asty + bgtl)

As each of the component of f is degree 1 and f is only zero if t5 = t; = 0, we have a well defined
morphism.
Since this is a global representation of f, by discussion we had on Euler’s relation and the

derivative matrix we get

1ipy 1) _ (1) B 1 ar ay a3
T, (f) = P(row(A; " (f))) = Prow(D, " (f))) =P <r0w (0 b1 by b3>> |

Since the coefficient vector b # 0 as otherwise it would not be a degree one curve, we see that
rank of Dt(,1 )( f) is equal to 2. Now we find the defining equation for the T} (f) by finding the right
kernel of of the matrix Di,l)( f) as

a1by — asby a1bs — azby
—by —bs3
span b , 0
0 b1

Therefore we see that
T%/(f) = V((a162 — agbl)xo -+ (-bg)l’l + bll'g, (a1b3 — agbl)l'o -+ (—bg)l’l + bliL‘g).

To see this in the affine chart we set v = 1, x1 = x,29 = y, 23 = 2z, then we get the defining

equation of the first osculating space of a line as
T;(f) = V((albg — agbl) + (—b2)$ + bly, (a1b3 — agbl) + (—bg,)l’ + blz)

This is the intersection of two planes in A%, hence we get an equation of a line. As a sanity check,
we know that since line is already linear, and first osculating space corresponds to the tangent

line. We should get the same line we started with. A

Example 4.13 (Degree 2 curve). A degree two curve is going to be given generically as a A — A3
in which ¢ — (ay + byt + c1t%, as + bat + cot?, az + bt + c3t?) where @ = (ay, as, a3), b= (b1, by, b3),
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and ¢ = (c1, 9, c3) are generic coefficients. If we homogenize this parametrized curve we get a map

f:Pl— P
(to 1 t1) = (t5 : (arts + bitoty + cit]) : (aots + bototy + cot]) : (asty + bstoty + cst]))

We already know that T} (f) is going to correspond to the tangent line, therefore the only inter-
esting case is the T%(f). Similarly, as in the previous example, we only need to check the DE,Q )( f)

as the elements are already homogenized. Therefore we get

2 2&1 20,2 2&3
D) =[0 b b b
0 201 202 203

Since we are going to take the row span of Dt(,2 )( f), it is easier to work with the matrix

1 a; Qag asg
0 by by b3

0 Ci Co C3

instead. Note that there is no dependency of ¢’ in the entries of the DE? )( f) matrix. Suppose
(20, T1,T9, x3) is in the right kernel of this matrix. Then it must be the case that (z1,zq,x3) L b
and (zq, 2, x3) L ¢ Therefore

(ZL’l,IQ,JIP,) = EX c

up to some scaling factor, where x is usual cross product of two vectors. Now using the first row

of Dﬁ? )( f), we get the equation
To + a1x1 + asxs + azxrs =0

using these two equations, we see that

zo=—i-(bx @) =—det | —

0 S Ly
|
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again up to same scaling factor. Therefore the right kernel of D§,2 )( f) is

—al(b203 - b3C2) + a2(b103 - 5301) - a3(b102 - 5201))

bacg — bzcy
span

bsci — bics

bica — bacy

Hence we can write the defining equation of the second osculating space as

- a — x
V[—det|— & —|+0xd-|y
- — z

where we set xg =1, 1 =z, x5 =y, and x3 = 2.

Figure 29: Osculating space of the degree 2 curve

We note the reader that since there is not ¢ in the defining equation it is just a fixed plane

that contains the quadratic curve. A

Example 4.14 (Degree 3 curve). The most interesting osculating plane where we directly see
how it generalized the tangent space is when the curve is degree three and we look at the second
osculating space. The reason for that is when it is a cubic curve in space, although we take 2
partial derivatives, there will still be some variables depending on the variable ¢. Therefore the
second osculating space is also going to move on where we are on the curve.

A degree three curve is given generically as an image of a map A' — A3 with ¢ — (a; + byt +
cit? + dit, as + bot + cot? + dot3, a3 + bst + c3t® + dst®) where @ = (ay,az,as), b = (b1, by, b3),

¢ = (e¢1,69,c3), and d = (dy,ds,ds) are generic coefficients. If we homogenize this parametrized
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curve, we get a map f : P! — P? where

(to : t1) = (£ = (arty + bitdty + citols + duts)
: (agty + batgty + cotot] + dots)
: (asty + bstaty + cstot: + dst?)

As before we are going to calculate the second derivative matrix Dt(,2 )( f) which will be more

involved as follows:

6t0 (6&1750 + 2b1t1) (6a2t0 + 2b2t1) (6@3150 + 2b3t1) 1
DEQ)(f) == 0 (2b1t0 + 2C1t1) (2b2t0 + 2CQt1) (2bgt0 + 2Cgt1) == T2
0 (261250 + 6d1t1) (262t0 + 6d2t1) (263t0 + 6d3t1) T3

Now in order to find the right kernel of this matrix, similarly to the case of degree 2 curve we are
going to use the shape of the matrix to conclude that for x = (&, 22, 23)7 we must have 7 L 7y

and ¥ | r3 which implies = ry X r3 where x denotes the cross product. Then

T 2b1t0 + 201t1 2Clt0 + 6d1t1
T = To | = 2b2t0 + 2cot1 | X | 2¢cotg + 6datq
T3 2bsty + 2csty 2csty + 6dstq

—

— 4t2(b x &) + 12tt1(b x d) + 1263( % d)
Furthermore using the first row of the matrix and since we are assuming that tq # 0 for the affine
picture we get
1
o = g [(—6(11t0 - 2b1t1)x1 + (—6a2t0 - 2b2t1)l‘2 + (—66L3t0 - 2b3t1)l’3:|
0
1
= T |: - 6t0((1,1I1 + a9y + a3x3) - 2t1(b11‘1 + bg,Ig + ngg)]
0
1

Now since ¥ = ry X r3 already we get

by by b3

To=—0a-T— gt—12t1 det | ¢1 ¢ c3
0

di dy d3
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Now we will further assume that @ = 0 as it only allows us to translate the curve in the affine
space. We will also assume that ¢ty = 1 since we are interested in the picture in the affine space.

Therefore we get the equation

bi by b3
zo = —4tidet | ¢; ¢y 3
dy dy ds
and
T
T= x| =4(bx & +12t,(b x d) + 1263(Z x d)
T3

After writing 1 = x, x5 = y,x3 = z and xg = 1, the defining equation for second order osculating

space for the affine part is

by by b3 xr Yy =z r Yy =z r Yy =z
V| —4t3det | ¢; ¢y ey | +4det [ by by by | F12tdet | by by by | +12t%det | ¢; o 5
d1 d2 dg Ci1 Cy C3 d1 d2 dg d1 d2 dg

We can further fact check that when (x,y, z) evaluated at the points of the curve, that is when

Tr = blt + Cth + dltg
Yy = bgt + C2t2 + dzts
z = bgt + C3t2 + dgts

the equation satisfies, and when evaluated at the tangent line equation, that is when equation is

evaluated at

z = (bit + c1t? + dit®) + 1(by + 2¢1t + 3dyt?)
y = (bat + cot® + dat®) + U(by + 2cot + 3dat?)
z = (bt + cst® + dst®) + 1(bs + 2cst + 3dst?)

where [ is arbitrary variable for parametrization of the tangent line the equation again is satisfied.

A

4.4 Higher Order Classical and Reciprocal Polar Varieties

We will now generalize the classical and reciprocal polar varieties by replacing tangent space with

the higher-order osculating spaces. We are going to introduce them for completeness. For more
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details, we refer to [29] and for the relationship of how their degrees are related to the higher-order

Euclidean distance optimization problem, we refer to [31].

Definition 4.11. [29, Section 3] Let f : X — P be an algebraic morphism. We define higher-
order polar variety with respect to i € {0,...,dim X = m} to be

Py i(f, V)= {a: € Xy | dim (T’;(f) N V) > my, — codim(V)}

where V' C P" is a linear subspace of dimension n —my + 7 — 2.

Remark 4.9. See that when k = 1, we have T)(f) = T,(f) and the dimension m; = m. Hence,
for k = 1 we get exactly the i-th polar variety P;(X,V’). Therefore the interesting examples of

higher-order polar varieties occur for £ > 1.

Example 4.15 (Twisted Cubic Curve). Let k = 2 and let the projective variety X C P3 to be the
twisted cubic curve, therefore dimension is m = 1. It is also given by the image of the morphism
[Pl — P3 where [ty : t1] = [t3 @ t3t; : tot? : 3]. We have already seen that this is 2-regular
global morphism, therefore my = (;’) — 1 = 2. Furthermore by definition T>(f) is defined by the

projectivization of the row span of 2nd order derivative matrix

6ty 264 0 0
DA(fy=10 2t 2¢;, O
0 0 2 6t

Let i = 1 = dim X, and consider a generic projective subspace V' C P2, then higher-order polar

variety Py 1(f, V) is given by the equation

Poy(f, V) ={z € X5 | dim (T2(f)NV) > -1}
= {pe X |dim (T;(f)nV) >0}
—{pe X |T}f)NV #0}
={peX|[LCT,(/)}

since my — codim(V) =2 — (2 — 1 +2) = —1, and since T3(f) is a hyperplane. The dimension of
VisdimV =3—2+1—2=0 therefore V is a point v € P?>. Write the point v as v = [vg : vy :
vy : v3] € P2, Now the condition of V' C T2(f) in the higher-order polar variety is the condition of
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v e row(D,(f)( f)). Since the D{? is already full rank we can write it as a rank condition

Vo Vi V2 Us
6tp 2t7 0 O
2% 2t; 0O > '
0 0 2t 6t

<4 X 4 minors of

Therefore the second order polar variety P»1(f, V) is given by the images by f of solutions [ty : t;]

satisfying the determinant
Vo V1 (%) U3

6ty 2t7 0 O
det 0 ! =0.
0 2t 2t 0

0 0 2t 66

Consider the example where v = [1: 0 : —1 : 0], then the determinant evaluates to
2413 — 7224y = 24, (12 — 3t2) = 241 (t; — V/3to) (t, + V/3tg) = 0.

Therefore the solution are {[1: 0], [1:+v/3],[1 : —v/3]}. When we map these points to P® using

the morphism f we get three points in the twisted cubic curve
{[1;0:0:0],[1;\/5:3;3\/3],[1:—\/§:3:—3\/§]}.

In this example all of these points are happened to be in the chart zy # 0 therefore we can visualize
it in the A® chart.

——————
______

Figure 30: P21(f,V) in the affine chart A®

Here in the Figure 30, the three turquoise planes are the three osculating spaces of three points

83



Py, Py, P,. The grey point is the point v, and finally the polar variety is the three points. A

Similar to the higher-order polar varieties, we are going to generalize the reciprocal polar
varieties by changing the normal space into higher-order normal space.

Fix a nonsingular quadric hypersurface @) = V(¢) C P". In Section 3.1 we have defined the
polarity. We are going to use the same notation.

In order to define the higher-order reciprocal polar varieties, we need to define higher-order

normal spaces.

Definition 4.12. [31, Definition 4.1] Let f : X — P™ be a morphism, then for p € X} the k-th

order normal space of (f, Q) at p is
Ny(f) = (T}H(f)" + /(p) S P".

Remark 4.10. For k = 1 since T)(f) = T,(f) we get the usual normal space N, (f).

Remark 4.11. [31, Remark 4.2] By the sequence (15) of higher-order osculating spaces and by

Lemma 3.4 we have the inclusions of normal spaces analogous to (15)

{p} SNE(£,Q) C--- CN2(f,Q) CN,(f,Q) C P

Definition 4.13 (Reciprocal Polar Variety). Let £ > 1 and i € {0,...,dim X =m}. Let K CP"
be a linear subspace of codimension n — my, + ¢. Then the i-th reciprocal polar variety of order k

is

Wi (X, K) ={p € X3 INK(f,Q) N K #0}.

5 Degree

In this chapter, we will be working on connecting the degree of classical polar varieties and recip-
rocal polar varieties to optimization questions. Since we will be using intersection theory, the first

chapter is devoted to recalling the facts that will be used in subsequent chapters.

5.1 Intersection Theory

Intersection theory is the branch of algebraic geometry that studies how subvarieties intersects.
When they intersect in finitely many points, we are interested in counting them. Intersection
theory makes this counting problem systematic way.

We will use the classical textbooks [19, 21] for the theorems and for the facts in intersection
theory. The goal of this section is to introduce a ring A*(X) called the Chow ring of X and for
any subvariety Y C X, we associate its class [Y] € A*(X) generalizing the degree of a curve.

As always, assume X is a smooth projective variety in P of dimension m and codimension c.
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Definition 5.1. The group of cycles on X, denoted Z(X), is the free abelian group generated by
the set of subvarieties of X. It is graded by dimension, therefore we write Z;(X) for the group
of cycles that are formal linear combinations of subvarieties of dimension k. Similarly we write
Zm=k(X) for the group of cycles that are formal linear combinations of subvarieties of codimension
m — k. Therefore we can write Z(X) = @;", Z:;(X) = B, 2" (X).

Definition 5.2. [19, Definition 1.2] Let Rat(X) C Z(X) be the subgroup generated by differences

of the form

(N ({ta} x X)) = (@ N ({ts} x X)),

where t4,t5 € P! and ® is a subvariety of P! x X not contained in any fiber {t} x X. We
say that two cycles are rationally equivalent if their difference is in Rat(X), and we say that two

subvarieties are rationally equivalent if their associated cycles are rationally equivalent.

Example 5.1. Let X = P? with homogeneous coordinates [z : 21 : 2] and P! with homogeneous
coordinates [tg : t;]. we will show that U = V(z} + 23 — 23) and V = V(27 — 23) are rationally
equivalent. Let P! homogeneous coordinates (ty : t;). Define ® = V(F) C P! x P? given by
F(to, t1, o, T1,T2) = to(x} + 23 — x3) — t1(x7 — 23). Note that ® is not contained in any fiber
{t} x X. Now we evaluate the cycles associated to the slices at t4 = [1: 0] and tg = [0 : —1].

At ty = [1: 0], we substitute ty = 1,¢; = 0 into F to get

F(ta, o) = 1(23 + 25 — 23) — 0(z] — 23) = 2] + 75 — 5.
The cycle of this intersection is our first subvariety:
(@ N ({ta} x P?)) = [U].
At tg = [0 : —1], we substitute to = 0,¢; = —1 into F' to get
F(tp, ) = 0(z} + o3 — xp) + 1(a] — 23) = (21 — 23).
The cycle of this intersection is our second subvariety:
(@n ({tg} x P?)) = [V].

Therefore [U] — [V] € Rat(X) hence U ~ V. A

Example 5.2 (Rational Equivalence of Composite Cycles). Let X = P? with homogeneous coor-
dinates [zg : @1 @ x9).

Consider the 1-cycle U consisting of the line g = 0 with multiplicity 2, and the line y = 0
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with multiplicity 1
U =2[V(xo)] + 1[V(z1)].

Consider another 1-cycle V' consisting of the line x9 = 0 with multiplicity 2, and the line

xo — 1 = 0 with multiplicity 1

We wish to prove that U ~ V by showing [U] — [V] € Rat(P?). We are going to define a set of
irreducible subvarieties ®; C P! x P? and their combination of the differences will be [U] — [V].

Let P! have coordinates [to : t;] and ®; = V(F}) C P! x P? with Fi(t,z) = toxe — t172.
Evaluating at the points at t4 = [1: 0] and t5 = [0 : —1] we get

(@10 ({ta} x P?)) = [V(z0)]
(@10 ({ts} x P?)) = [V(22)].

Thus, the difference [V(xq)] — [V(z2)] is a generator of Rat(P?).
Let &y = V(F,) C P! x P? with Fy(t,x) = tor; — ti(xo — x1). Evaluating at the points
ta=1[1:0] and tg = [0: —1] we get

(P20 ({ta} x P?)) = [V(21)]
(@20 ({tp} x P?)) = [V(z0 — 21)].

Thus, the difference [V(z1)] — [V(zg — x1)] is another generator of Rat(IP?).
Because Rat(PP?) is defined as the subgroup generated by these differences, any integer linear

combination of these generators must also be inside in the subgroup. We construct the linear

combination
2((@1N{ta}) — (21N {tp})) + 1 (P2 N {ta}) — (P2 N {lB}))
= 2([V(zo)] = [V(z2)]) + 1([V(z1)] = [V(z0 — 21)])
= (2[V(zo)] + 1[V(21)]) = (2[V(22)] + 1V (20 — 21)])
—U-V,
showing that U — V is an element of Rat(P?), hence U ~ V. A

Definition 5.3. [19, Definition 1.3] The Chow group of X is the quotient
A(X) = Z(X)/ Rat(X),

the group of rational equivalence classes of cycles on X. If Y € Z(X) is a cycle, we write
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Y] € A(X) for its equivalence class; if Y C X is a subvariety, we abuse notation slightly and
denote simply by [Y] the class of the cycle (Y') associated to Y.

We say that two subvarieties A, B of X intersect transversely at a point p if A, B and X are

all smooth at p and
codim (T,ANT,B) = codim (T,A) + codim (7,,B) .

Furthermore we say that the subvarieties A, B C X are generically transverse if they meet
transversely at a general point of each component C of AN B.
Two cycles A = > n;A; and B = ) m;B; are generically transverse if each A; is generically

transverse to each Bj.

Theorem 5.1. [19, Theorem 1.5] If X is a smooth quasi-projective variety, then there is a unique
product structure on A(X) satisfying the condition:
If two subvarieties A, B of X are generically transverse, then [A][B] = [AN B]. This structure

makes Chow group
dim X

AX) = P A(X)

into an associative, commutative ring, graded by codimension, called the Chow ring of X.
The proof relies on the Moving Lemma, which is stated below and proved in [19].
Theorem 5.2. [19, Theorem 1.6] Let X be a smooth quasi-projective variety, then

1. For every a, B € A(X) there are generically transverse cycles A, B € Z(X) with [A] = «
and [B] = .

2. The class [AN B] is independent of the choice of such cycles A and B.

Remark 5.1. For any variety X we can express the group Rat(X) in terms of divisor classes as
well. The book [21] uses this approach to define rational equivalences. When the underlying
variety X is smooth two definitions of rational equivalances collide therefore we have chosen the
definition given in [19]. For interested readers we refer to discussion of these equivalences to [19,

1.3.2 Rational equivalence via divisors] and [21, 1.6 Alternate Definition of Rational Equivalence].

Since our varieties X that we are interested in is inside of the projective space P" we are going

to recall some facts about their chow rings.

Theorem 5.3. [19, Theorem 2.1] The Chow ring of P™ is

AP") =Z[H]/ (H"),
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where H € A (P™) is the rational equivalence class of a hyperplane; more generally, the class of a

variety of codimension k and degree d is dH".

Theorem 5.4. [19, Theorem 2.10] The Chow ring of P" x P* is given by the formula
AP xP?) =2 A(P") @ A(P?).

Equivalently, if h,h/ € Al (P" x P*) denote the pullbacks, via the projection maps, of the

hyperplane classes on P™ and P® respectively, then

AP x P*) = Z[h, 1]/ (K, (R')*H).

Moreover, the class of the hypersurface defined by a bihomogeneous form of bidegree (d,e) on
P" x P* is dh + eh/.

For the definition of degree we refer to [19, 1.3.6 Functoriality] and [21, 1.4 Push-forward of
Cycles].

Definition 5.4 (Degree). Let X be smooth projective variety over an algebraically closed field.
Let oo = " mi[pi] € Zo(X) be a 0-cycle. The degree of o denoted either as deg or [, is the group
homomorphism Zy(X) — Z defined as

deg(a) = /Xa = an

This map is also well defined for the rational equivalences [21, Theorem 1.4], giving a well defined

homomorphism on chow group
/ : AU (X) — 7
X

Remark 5.2. The definition of degree above is given in [21, Definition 1.4], however in our case since
X is smooth projective variety there are some things we have omitted while defining degree. First
of all structure morphism 7 : X — Spec(k) is proper since X is projective. Therefore pushforward
7, is well defined, and since the map [, is pushforward m, : Ag(X) — A¢(Speck) ~ Z we have
a well defined degree. Furthermore since we are working in algebraically closed field k(p;) ~ k

therefore field extension [k(p;) : k] = 1.

Definition 5.5. Let X C P" be a smooth projective variety of dimension m, and let H € A'(X)
denote the hyperplane class of X, given by the restriction of the standard hyperplane class of P™
to X. For any irreducible subvariety V' C X of dimension k, the degree of V' is the intersection

number:

deg(V) = [ (v #*
X
where H* € A*(X) is the k-fold intersection product of H with itself.
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Example 5.3 (Linear subspace of dimension k). Consider X = P" and the subvariety V' be the
k dimensional linear subspace. By Theorem 5.3 we have [V] = H"* where H is the class of a

hyperplane. Therefore
deg(V) = / V]-H*= [ H"*"H"= | H"=1.
n Pn Pn
Since H™ € A"(P") ~ Ay(P™) represents a single point. A

Example 5.4 (Hypersurface of degree d). Let X = P™ and let V' = V(F') be a smooth subvariety
given by F' a homogeneous polynomial of degree d. By Theorem 5.3 [V] = dH € A'(P"). Therefore

deg(V) :/ V]-H"! :/ dH-H" '=d [ H"=d,
T T ]PJ’IL

as expected. A
Theorem 5.5. [19, Theorem 1.23] Let f : Y — X be a map of smooth quasi-projective varieties.
o There is a unique map of groups f* : A°(X) — A%(Y) such that whenever A C X 1is a

subvariety generically transverse to f we have

This equality is also true without the hypothesis of generic transversality as long as codimy (f~1(A)) =
codimy(A) and A is Cohen-Macaulay. The map also induces graded ring homomorphism

£ AX) — A(Y).

o (Projection formula) The map f. : A(Y) — A(X) is a map of graded modules over the
graded ring A(X). More explicitly, if « € A¥(X) and B € A)(Y), then

fo(ffa-B) =a- f.p € Al_x(X).

Remark 5.3. [21, Definition 1.4] For X and Y proper schemes, which is always the case in our

setting when X and Y are projective varieties in P*, for f : X — Y a proper morphism and for

/Xa:/yf*oz.

Recall that the properness of X and Y implies structure morphisms 7x : X — Spec(k) and

any cycle a € A(X) we have

my Y — Spec(k) to be well defined and the degree maps are pushforwards, that is [ x = TXx
and [, = my,. Since X and Y are defined over Spec(k) the map f : X — Y commutes with the

structure morphisms mx = my o f. Pushforward is functorial therefore

TTxx = Ty« O f*
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Hence if we evaluate the cycle o € A(X) we get

/Xa = mx«(a) = Ty, 0 fu(a) = /Yf*(a).

Example 5.5. [19, 4.1 Schubert cells and Schubert cycles| Let a be a sequence such that n — k >
ag > -+ > ar > 0 and let V and K be two flags in P”. Since they differ by an element of GL, 1,
therefore by [19, Theorem 1.7] two Schubert cycles X,(V), £.(K) have the same class and we are
going to denote it as 0, = [X.(V)] € A(Gr(k,P™)). A

Although for any subvariety V' of X we can associate a class [V] in the chow ring A(X), we
can expand this more by using so called Chern classes. Informally for any vector bundle £ on X
of rank r, we can associate Chern classes ¢;(€) € AY(E) for i € {1,...,7}. We will get to examples
on calculation with them but before that their existence and properties are given in the theorem

below.

Theorem 5.6. [19, Theorem 5.3] There is a unique way of assigning to each vector bundle € on
a smooth quasi-projective variety X a class ¢(€) =1+ c1(E) + (&) + -+ - € A(X) in such a way
that:

If L is a line bundle on X then the Chern class of L is 1+ c1(L), where ¢;(L) € AY(X) is

the class of the divisor of zeros minus the divisor of poles of any rational section of L.

o If1y,...,7n_; are global sections of £, and the degeneracy locus D where they are dependent
has codimension i, then c;(€) = [D] € AY(X).

o[f

0 —E&—F —6G—0

is a short exact sequence of vector bundles on X then
o(F)=¢c(€)c(G) € A(X).

o If oY — X is a morphism of smooth varieties, then

5.2 Polar Classes

Definition 5.6 (Polar class). Given a smooth projective variety X in P, the polar variety P(X, V)
is a subvariety of X. We define i-th polar class of X as p;(X) = [P(X,V)] € A(X) where
1=0,...,mand dimV =c+1— 2.
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We have shown in Corollary 2.13 that codimx (P (X, V)) = i for i-th polar variety therefore it

also makes sense why we use the indexing ¢ =0, ..., m.

Definition 5.7 (Polar degree). Given an i-th polar class of X p;(X) € A(X), the degree of the
class p;(X) is called polar degree and denoted as p;(X).

Example 5.6 (0-th polar degree is degree of the variety). Since we have already established that
0-th polar variety is the X itself in Remark 2.2, we have py(X) = [P(X, V)] = [X] therefore the
0-th polar degree p(X) = deg X. A

Now, the first theorem we are going to show is the statement we have written in the definition
of classical polar variety Definition 2.2 which is for i = 0,...,m the polar degree p;(X) does not

depend on the subspace V for a generic V.

Theorem 5.7. [27, Proposition 1.2] Let X be a smooth projective variety of dimension m. Let
i € {0,...,m} then the polar degree u;(X) does not depend on the subspace V' for a generic V.

Proof. We will be using the Theorem 5.5. First of all, recall that vy : X — Gr(m,P") is a map
of smooth projective varieties. Recall that in Theorem 2.11 we have defined the polar variety
P(X,V) C X as the pullback of Schubert variety %,,(V) through the Gauss map vyx, that is
P(X,V) = 75" (Z,,(V)). Furthermore, let V be flag containing projective subspace V than we
have also shown that %,,(V) = X, where a = (1,...,1,0,...,0) in Lemma 2.10.

We have also shown that codimx(P(X,V)) = ¢ and codimgy(mpr)(Xa) = Z;L:O a; = i. It is
also a fact that every Schubert variety is Cohen-Macaulay [11, Proposition 2.2.5]. Hence

pi = [P(X, V)] = 7' Em(V))] = [1x' (Za)] = 7% [Za] = 7% 0a-

Note that polar class p; does not depend on V since we have already established in Example 5.5
that, we have shown that the class of Schubert variety o, = [2,] does not depend on the flag V.
Hence p;(X) does not depend on the projective subspace V. [ |

5.3 Polar Degrees using Multidegrees

Fix X to be a smooth projective variety in P". In this section we are going to introduce multidegree
9;(X) to connect it with polar degrees 1;(X). Recall that in Section 2.4. We have define the dual
projective space (P")Y as Gr(n — 1,P™) which parametrizes hyperplanes in P". The isomorphism
between them was given in Section 3.1. In Theorem 5.3, we have shown the Chow ring of the
projective space P" is A*(P") = Z[H]/H™" where H is the class of hyperplane H in P". Via the
isomorphism of dual projective space (P™)Y, its Chow ring will also be A((P")V) = Z[H']/(H")"™!
where H' is the class of hyperplane in (P™)V.
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Recall that conormal variety defined in Definition 2.12 was CN(X) C P" x (P™)Y given by the

incidence relation
CN(X)={(p,H)eP"x (P") |pe X, T,X CH} CP" x (P")".

Furthermore conormal variety C'N(X) comes with two surjective projections m; and 7y given by
m : CN(X) = X and 7y : CN(X) — XV where m; = pr; o j where j : CN(X) — P" x (P")Y
and pry and pry be the projections P* x (P™)¥ — P™ and P™ x (P")Y — (P™)Y respectively. We
have also defined the dual variety XV to be the image m(CN(X)) C (P")Y, this is the set of
hyperplanes in P" that is tangent to X.

We now recall some facts on dual varieties and conormal variety. For simplicity we will always
assume X is smooth projective variety and that the ground field is characteristic 0 and algebraically

closed.

Theorem 5.8. [23, Biduality Theorem] For any projective variety X C P", we have (XV)' = X.
Moreover, if p is a smooth point of X and H is a smooth point of XV, then H is tangent to X at
p if and only if p, regarded as a hyperplane in (P™)Y, is tangent to XV at H.

Theorem 5.9. [19, Theorem 10.20 (Reflexivity)] If X C P™ is any projective variety and X" C
(P™)Y its dual, then the conormal variety CN(X) C P™ x (P™)Y is equal to CN (XV) C (P")Y x P
with the factors reversed. It follows that (XY)" = X, that is the dual of the dual of X is X.

Theorem 5.10. /9, Proposition 2.4] Let X C P™ be a smooth irreducible projective variety of
dimension dim X = m then dimCN(X) =n — 1 in particular codim CN(X) =n + 1.

Proof. First, note that hyperplane H € (P")Y also be represented by the vector u = [ug : -+ :
u,] € P, so that H = {p € P* | 31" ;u;p; = 0}. See that actually H = u*, where L is the
polarity defined by the quadric Q = Qgp. Define the normal space as N,X = T,X"*, then we
can also represent the conormal variety as CN(X) = {(p,u) € P" xP" | p € X, u € N, X} since
u € T,X* is equivalent to 7,X C ut = H. We have dim N,X = dim(7,X*) = n—m —1 by
Corollary 3.4.

With this view C'N(X) has the structure of projective bundle, where each fiber along point p,
71 (p) is the normal space N, X ~ P"~™~1 gee section [19, 9.1 Projective bundles] for projective

bundles. Finally by fiber dimension theorem, we have
dim CN(X) = dim X +dim(7;'(p)) =m+(n—m—1)=n— 1.

Since dim(P" x (P")Y) = n+ n = 2n, we get codim CN(X) =n + 1. |

Remark 5.4. Note that since the dual variety XV is the projection of conormal variety C'N(X)

onto second coordinate, we have dim(X") <n — 1.
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Now take a generic hyperplane H € XV tangent to X at some point. Define contact locus as
Cont(H, X) :=m(my, '(H)) = P(X, H) (16)

where the last equality is given in the Section 2.4 since for H hyperplane HY = H, which follows
from the Example 2.13. We call dim(Cont(H, X)) for a generic H € (P")" to be dual defect of X.
Since H is a hyperplane the non-transversality condition in the polar variety becomes 7,X C H,
therefore

Cont(H,X)={pe X |T,X C H}.

Note that this is a generic fiber of 7y, therefore we have the following observation:

Theorem 5.11. We have dim(X") =n — 1 — dim(Cont(H, X)) for generic hyperplane H € X".
In particular, dual variety XV is a hypersurface if and only if dimension of the contact locus
Cont(H, X) is 0.

Proof. We have already shown that dim(CN(X)) = n — 1. Also note that for generic H €
XV, the dimension dim(Cont(H, X)) is the dimension of generic fiber of my. Therefore we have
dim(C'N (X)) = dim(X") + dim(Cont(H, X)) which means dim(X") = n — 1 — dim(Cont(H, X)).

|

This motivates us to define the dual defect of X.

Definition 5.8. [24, Definition 5.1] The dual defect of X is defined to be
def(X) = dim(Cont(H, X))

for a generic H € (P")V. A projective variety X C P" is dual defective if def(X) > 0 otherwise it

is dual non-defective.

Theorem 5.12. /24, Corollary 2.2] We have CN(X) = CN(X") if and only if Cont(H, X) is a

projective subspace of P".

Since due to our setting reflexivity CN(X) = CN(X") always holds, we have the following

corollary.

Corollary 5.13. [15, Corollary 2.6] The dual variety X" is a hypersurface if and only if the

generic tangent hyperplane to X is tangent at a single point.

Let H and H' be hyperplanes in P" and (P")" and [H] and [H'] be their classes in Chow rings
A(P™) and A((P™)Y). Write

h=pri([H]) = [H x (P")"], K =pr3([H']) = [P" x H']
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. We also have A(P" x (P")V) = Z[h, ']/ (k"1 (h')"*1) by Theorem 5.4. Since codim CN(X) =
n + 1 its class [CN(X)] € A(P™ x (P™)Y) is

—_

n—

[CN(X)] = 6o(X)R™(R) + 61 (X)h" L (W) + -+ + 0, 1 (X)R(W)" = §;(X) )R (W Y (A7)

<.
Il
o

Definition 5.9. (Multi Degree) Let ¢ € {0,...,n — 1}, the coefficients §;(X) of the class of the
conormal variety [C'N(X)] in the Chow ring A*(P" x (P™)Y) is called the i-th multidegree of X.

Proposition 5.14. Let Ly C P" and Ly C (P™)Y be two generic projective subspaces of dimension
n—1 and i+ 1. Then the i-th multidegree §;,(X) is the cardinality of CN(X) N (Ly X Ly).

Proof. Codimensions of L; and Ly are i and n — i — 1 respectively, so their classes are [L;] =
[H]" € A(P") and [Ly] = [H']"*"' € A((P")"). Then using Theorem 5.4 we have the class of
[Ly x Lo) = k(W) € A(P" x (P")V) = Z[h, h']/ (k"1 (R')"1). The intersection becomes the
product in the Chow ring

[CN(X) N (L1 x L2)] = [ON(X)][L1 % L]

(‘ @(X)h“ﬁ(h')ﬂ‘“) (1 0y =)

=36 (ORI ()

<.
I
o

Now we are going to consider the cases of the summand where the index j is bigger and smaller
the 1.

In the case that j > i we have (I/)"*7~" € ((I/)"*!) therefore the summand where j > i will
vanish in the Chow ring A(P" x (P™)V) = Z[h, ']/ ("1, (h/)"T1).

In the case that ¢ > j we will have A"~ € (h™*1), therefore the summand where i > j will
vanish in the Chow ring A(P™ x (P")V) = Z[h, 1]/ (h"*1, (W) +1).

Hence the only term in the summation that will not vanish is the index 7 = ¢ which yields
[CN(X)N (L X Lg)] = &;h™(R")".

Since the ambient space P™ x (P™)Y is dimension 2n, the coefficient 6;(X) is exactly the number

#(CN(X) N (Ly x Ly)). ]

Theorem 5.15. [2/, Theorem 5.1] Let X C P™ be a irreducible projective variety of dimension

m. Let r be an integer such that
o(X)=...6,1(X)=0,6.(X)#0
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Then for all i € {r,...,m},
3;(X) > 0.

Theorem 5.16. [2/, Theorem 3.4] The dual variety X" is dimension n — 1 —r if
do(X)=...6,1(X) =0,6,(X) #0.

Furthermore §,(X) = deg(X").

Example 5.7. Let V C P™ be a projective subspace of dimension k. We have dim VY =n — 1 —
def(V') by the Theorem 5.11. We have already discussed in Example 2.13 that

VY ={He (P") |V CH}

Let H € VV then it is just a hyperplane in P" such that V C H.
We are going to show that Cont(H,V) =V for a generic H € V. By (16) it is immediate

Cont(H,V)=P\V.H)={peV |H+p#T,V}
={peVIHH#V}
={peV|dim(H+V)<n}
={peV|dim(H)=n—-1<n}
=V.

Therefore dim VY = n — 1 — k furthermore codim VY =n—(n—1—-k) =k + 1. A

Theorem 5.17. For all 0 <1 < m, we have the relationship between polar degree and multi degree
of X as follows
1i(X) = 0m—i(X).

Proof. The proof will be given similarly on how more general case was proven in the papers [31, 15].

Recall that p1;(X) = deg(P(X,V)) for V' C P™ generic projective subspace of dimension ¢+i—2.
Its dual V'V has codimension ¢ + ¢ — 1 by Example 5.7. Therefore its class in the Chow ring
A((P)Y) = Z[H')/ (H")") is [VV] = [H']*'. Let j : CN(X) = P* x (P*)" be the inclusion
map. Then
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() = deg(PCX V) = [1H)™ - [POCV) (18)

- / H - [y (3 (V)] (19)

[H]™ (w3 ([VY])) (20)

() (v () (21)
mio (i (1)) - (1) (22)
(23)
7 () g () (24)
i () (25)

me (R () ON (X)) (26)

I
\\\\?\\\

»—A:]*

ES

3

L

M‘;}*

=

|

B ()T [ON(X)] (27)

||
3
L

=

(28)

In (18) we use the definition of degree, (19) is the Theorem 2.14 which was the characterization
of polar variety in terms of conormal variety, (20) is the discussion pullbacks and push forwards in
Section 5, (21) is the identification [VV] = [H']***~! where codimension was shown in Example 5.7,
(22) is the projection formula given in Theorem 5.5, (23) is by pullback being a ring morphism,
(24) is obtained by rewriting m; = pr; o j. (25) is by pullback being a ring morphism again, (26) is
by the pullback of embedding j, (27) is because degree is invariant under f, which is the content
of Remark 5.3, finally (28) is by Proposition 5.14. |

The following observation is although due to Urabe in [38] we will use the discussion used in

[24, Section 2] to prove it.
Theorem 5.18. For reflevive X that is CN(X) = CN(X"), we have 6;(X") = 0,,—1-;(X)

Proof. We have discussed A(P"x (P")V) = Z[h, ']/ (h"T, (")) where h and I/ are the pullbacks
of the hyperplane class in P" and (P™) respectively to the P x (P™)V.

Similarly, let & and A/ be the pullbacks of the hyperplane classes of (P")" and (P™)Y to the
(P™)Y x (P™)¥Y. We have an isomorphism (P™)" x (P™)¥V ~ P™ x (P™)¥ given by interchanging P"
with (P")Y, and with the identification (P™)¥¥Y = P". Furthermore this induces an isomorphism
on the Chow rings A((P")Y x (P")¥V) ~ A(P" x (P")V) given by h — h' and k' — h.
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We can write [CN(XY)] € A((P™)Y x (P")¥V) using the classes h and I/:
[CN(XY)] = 8o(X )R (W) + 6y (X (W) + -+ + 6,1 (X V)R(W)".
With the isomorphism of Chow rings induced by the identification we can write is as
[ON(XY)] = do(XV)A(W)™ + 51 (XV)VRE(W)" ™ + - 4 61 (X V)R™(R).

However since X is reflexive the class [CN(X)] should be equal to [CN(XV)]. Since we already
have
[CN(X)] = 8o(X)h™(R') + 01 (X)R"H(B)* + -+ + ua (X)R(R)"

only possibility that they are equal is when 6, (XV) = d,-1-;(X). |

Corollary 5.19. [10, Theorem 4.15] Let X C P™ be an irreducible projective variety of dimension
m, and let o(X) :=m — def(X). Then

e 1(X) >0 if and only if 0 < i < a(X)
 po(X) = deg(X)

¢ ao(X) = dog (XY)

o 1i(X) = pagx)-i (XY)

Remark 5.5. Note that in [10, Theorem 4.15] their (X)) was given by a(X) := dim X —codim X+
1. However by the theorems we have shown it is equal to the a(X) = m — def(X).

Proof. We will show the j1;(X) = pta(x)—i (XV) first. Note that by Theorem 5.18 we have ¢;(X") =
dn—1—;(X), and by Theorem 5.17 we have 0;(X) = fi,—;(X) where m = dim X. Recall that
dim XV =n — 1 — def(X), therefore we get

15 (X) = 0m—i(X) = 0no1-mti (X)) = f(n-1-def(x))— (n—1-m+1) (X ) = tn—det(x)—i(X ") = paix)—i(X").

We have shown pp(X) = deg(X) in Example 5.6. The fiqx)(X) = deg(X") is implied by
1i(X) = pa(x)—i (XV) since after choosing i = a(X) by 11;(X) = pa(x)—i (XV) we get

Ha(x)(X) = fio(XY) = deg X"

So only the statement p;(X) > 0 if and only if 0 < i < a(X) is left to be proven. Using the
identification 6;(X) = pim,—;(X), it is equivalent to prove §;(X) > 0 if and only if def(X) <i < m.
Assume 9;(X) > 0, we have shown in Proposition 5.14 that ¢;(X) is the cardinality of CN(X)N

(L1 X Ly) where Ly C P" and Ly C (P™)Y are a general projective subspace of dimension n — 4 and
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i + 1 respectively. For CN(X) N (Ly x Ly) to be non-empty, the projections of CN(X) onto P"
and (P")Y must intersect L, and Lo. We will consider each projection separately.

Projection of CN(X) to the first coordinate is X, and as X is an irreducible projective variety
of dimension m, it intersects a general subspace of codimension ¢ if and only if ¢ < m. Projection of
CN(X) to the second coordinate is X and by Theorem 5.11 we have dim(X") =n —1 —def(X).
The variety X" intersects a general subspace of codimension n — 1 — ¢ if and only if n — 1 — i <
n — 1 — def(X) equivalent to def(X) < i. Therefore 6;(X) > 0 implies def(X) < i < m. Proving
the first direction.

For the converse, by 5.15 whose proof was given in [24, Theorem 5.1] we get def(X) <i <m
implying d,(X) > 0. [ |

Corollary 5.20. [10, Theorem 4.20] Let X be a smooth, irreducible projective variety, and let
m :=dim X. Then,

0 = o0 (1T de e (x)

=0

Proof. Let i € {0,...,m}, then using [24, Equation (3)] we have the formula for multidegree in

terms of chern classes
m

3,00) = -0 () des ey (X0).

— 1+ 1
Jj=t

By Theorem 5.17 we have the relationship p;(X) = §,,_;(X) therefore

() =600 = 3 (<17 (171 ey (X))
j=m—1
d m—7+1
= —1 J d X
S (1277 der (o)
hence we got the desired result. [ |

5.4 Euclidean Distance Degree

In this section we are going to connect both the reciprocal polar varieties and classical polar
varieties to Euclidean distance optimization problem. We are going to show that the Euclidean
distance degree is equal to the sum of polar degrees. The Euclidean distance degree is the number
of complex critical points of the squared distance to a general point outside the variety. For an
introduction we will refer to the book [10] and for the main theorems we will be referring to the
paper [17].

Before getting into the Euclidean distance optimization question, we will start off by explaining

algebraic degree and optimizing a polynomial function on a real variety.

98



Let Y be a smooth real variety with ideal Iy = (f1,..., fs) with codimension ¢ in A™. Let

g 1Y — R be an objective function. The polynomial optimization question can be written as
minimize g(p) subject to p € Y. (29)
Using Lagrange multiplier method, the critical points of g are the points p € Y such that

Vy(p) € span{V fi(p),..., Vfs(p)} = row(Jy(p)). (30)

The dimension of Y is m, therefore dimension of tangent space T,,Y is also m. Since T,,Y = ker Jy,

we have dimrow(Jy (p)) = n —m = c¢. Therefore condition in (30) is equivalent to

k (Vg(p)> _ .
Ty (p)

Therefore we can write the critical points of g as an ideal

Ty

Toio = (fry oo f) + <(c+ 1) x (¢ + 1) minors <V9> > . (31)

When this ideal is zero dimensional the degree of I is called the algebraic degree of the

optimization (29). If g is defined generically, this ideal will be zero dimensional.

Example 5.8. Let g(z) = x1 + 29, and let Y = V(2% + 22 — 1) then Vg = (1,1) constant vector

and the Jacobian is Jy = (2x1, 2xs). Since codimension ¢ = 1 the critical ideal is

1 1
Jp—— <a:% + x% - 1> + ( 2 X 2 minors
2&31 21’2

:<x%+x§—1,x2—x1>.

Therefore the critical points are {(\%, \%), (—\%, —\/ii)} Therefore, there are 2 critical points in

which both are real. In the Figure 31 the critical points are the two blue points. The black line
is the equation = + y = k where k is the value of the function g(z,y) = k. The red arrow is the
vector that is perpendicular to the red circle which is the variety Y, the black arrow is the vector
that is perpendicular to the black line. The blue points are exactly the points where two normal

vectors are linearly dependent. A

We are going to define the Euclidean distance optimization in A”. We work over field of real
numbers k = R. Let Y C A} be a real smooth affine variety given by V(fi,..., fs) for data
point u € AL \ Y. We define the function d, : R™ — R defined by d,(z) = \/q(z — u) where
q(x) = qgp(r) = 2} + -+ + 22 positive definite quadratic form in R". Note that d,(z)? is a
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Figure 31: Visualisation of the critical points with Lagrange multipliers method.

polynomial function on R™. Therefore, we can do a polynomial optimization for the objective

function d, (z)?

minimize d,(z)? = Z(a:l — u;)? subject to x € Y. (32)
i=1
Equation (32) is called Euclidean distance optimization problem for Y.
To count the complex critical points of (32) as we defined algebraic degree, we pass to the
complexification. That is we view Y as Y C AP defined by same functions fi,..., fs. The
objective function extends to polynomial map d? : C* — C. Note that quadratic form ¢ =

2?2 + -+ + 22 is a bilinear symmetric form over C" however not a Hermitian inner product.

Definition 5.10 (Euclidean distance degree). The number of complex critical points of (32) for
a general point u € A"\ 'Y is called the Euclidean distance degree, denoted as EDdegree(Y') and

it does not depend on u for sufficiently generic u.

Note that complex critical points of Euclidean distance optimization problem (32) can be

solved by calculating the critical ideal denoted as Cy, in Equation (31), where we change g to
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d.(r)? instead. Since V(d,(x)?) = (2(x1 — u1),...,2(z, — u,)) the critical ideal will be exactly

1 — Uy e Ty — Up
< | - VA - >
Cyu={(f1,---, fs) + { (c+1) x (c+ 1) minors of : . (33)
_ V£, _

Normally the ideal saturation with singular points of Y is also necessary; see for instance [17,
Equation (2.1)], however since we are assuming Y to be smooth in the whole section, we dropped
the saturation.

Now let X C P" be the smooth projective variety then we can consider its affine cone C'(X) C
A1 Therefore we can expand the Euclidean distance problem (32) and definition of Euclidean
distance degree 5.10 to projective variety X by considering optimization question (32) on C(X),
we will write EDdegree(X) := EDdegree(C(X)) for the Euclidean distance degree of a projective
variety. For more details on how they differ from the affine case, we refer to [17, 2 Equations
defining critical points].

We would like to understand the geometry of FEuclidean distance optimization question on
Y C A" using its projective closure X C P". We start with smooth projective variety X C P"
and consider its affine chart Y = X N A”. Since the geometry of X affects Y, we will make two
transversal intersection assumptions on X.

Firstly, for the rest of the chapter, assume X intersects H,, transversely. Since H, is a
hyperplane, this condition implies that X ¢ H,,. If we had not assumed this, then we would have
X C H, hence its affine chart Y would be an empty set.

Secondly, for the rest of the chapter, we will assume X intersects (o := Q@ N H,, transversely.
The importance of this assumption is in the content of the [17, Lemma 6.7, Lemma 6.8, Proposition
6.10] and it allows us to write EDdegree(Y) = EDdegree(X). Essentially, if X would intersects
()~ non-transversely, then some critical points of Euclidean distance problem (32) would lie in
X N Hy hence the number would be EDdegree(Y) # EDdegree(X).

Lemma 5.21. [17, Lemma 6.7, Lemma 6.8 and Proposition 6.10] Under the assumptions of X
intersects Hy, transversely and X intersects Qo transversely, for a general data point u € A", no

complex critical points of the function d, on'Y lie on the hyperplane at infinity H...

Remark 5.6. Choose X C P™ given by V(Fy,...,Fy) and Hy = V(29) and let Y = X N A"
where A" = P" \ H,,. Recall that in Example 3.12 we have shown that if we choose the quadric
q(zo, ..., xn) = xf + >, (2; — ww)? then affine reciprocal polar variety Wi (Y) is exactly the

critical ideal Cly,,, for u generic enough by the 3.10. Therefore we have the observation

EDdegree(Y) = deg Cy,, = degWj;_(Y).

101



Remark 5.7. We furthermore have a theorem connecting the class of reciprocal polar varieties with

the classical polar varieties [29, Corollary 10] which states that
[WHX)] = 7 npy(X),
=0

which implies

deg [W;-(X)] = 3 s ().

Since Hy, is the last element of the flag, we are going to have deg W (X) = 3™ 11;(X).

Theorem 5.22. [10, Theorem 2.13] Let X be a smooth projective variety in P" and Y = X N A"
where A" = P"\ H,. Assume the intersections Xoo = X N Hy and Xoo N Qoo are both transversal
then Euclidean distance degree of Y is the sum of polar degrees of X

EDdegree(Y) = po(X) + - -+ + pm(X).

Proof. First of all, the definition of EDdegree(Y') is precisely defined as the degree of the ideal

Cy,, where u is a general data point in A™ \ Y. Furthermore using remark 5.6 we have
EDdegree(Y) = deg Wj;_(Y).

Since the affine reciprocal polar variety is defined to be Wi _(Y) := Wg_(X) N A" by def-
inition its degree is exactly deg Wi_(X). Furthermore by Remark 5.7 we have degWg_(X) =
Yot o mi(X). for generic Q. Since data point u is generic @ = V(q) defined to be ¢(zo, ..., z,) =

N G uixo)Q is also generic, hence
EDdegree(Y) = deg Wg_(V) = deg Wif_(X) = > ui(X),

proving that Euclidean distance degree of Y is the sum of polar degrees of its projective closure. W

By the assumption on Lemma 5.21 we have EDdegree(X) = EDdegree(Y'), therefore connecting
it with the Theorem 5.22, we have the following corollary.

Corollary 5.23. EDdegree(X) = Y"1 w:i(X).

Example 5.9 (Hypersurface). Let X C P™ be smooth hypersurface of degree d, then we have
shown that its polar degrees are 1;(X) = d(d — 1)* in Example 2.5. Therefore

EDdegree(X) = dZ(d - 1),

=0

102



by the Theorem 5.22. JAN

Since we established the properties of polar degrees in Corollary 5.19, by using pu;(X) =
Pa(x)—i (XV), we get the following corollary.

Corollary 5.24. EDdegree(X) = EDdegree(X")

Furthermore since we have already shown the relationship between polar degrees and the Chern

classes of X in Corollary 5.20, we have the following corollary:
Corollary 5.25. [17, Theorem 5.8] Let X be a smooth irreducible subvariety of dimension m in
P, and suppose that X is transversal to the isotropic quadric (). Then

EDdegree(X) = Y (=1) - (2"7* — 1) - deg (¢;(X)).

=0
Proof. Using Corollary 5.20 we have the following formula of polar degrees

p(0) = 217 (17T e X))

= m—1+1

By Corollary 5.23 we know that

m

EDdegree(X) = Z i (X).

=0
If we combine these two formulas together we get

EDdegree(X) = 3 pi(X) = > (Z(—nf' (077 ) e <cj<X>>) .

i=0 i=0 \ j=0

Now we will make a combinatorial argument on double summation )" Z;‘:O' Note that it sums
over triangle grid of length m. If we think the j as the z axis and ¢ as the y axis in the positive
orthant, the summation is sweeping through the rows of a triangle. As long as we trace through the

same grid, we will get the same summation. Therefore we can take the summation as Z;n:o ZZ]
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instead and that would be the summation that sweeps the columns instead. Therefore

EDdegree(X) = ; (jzo(—l)j (Z:Z 1— 11) deg (Cj(X)))
- ]ZO (;(—1)1 (Z:Z i 11) deg (cj(X))>
m ; L m—j+1
= ;(—1) deg (¢; (X)) <; (m—i+ 1)) )

where we regrouped the summations in terms of indexing. Note that
N (m—j+1 m—j+1 m—j+1 m—j+1
> ’ = )+ T by /
= m—i+1 m—7j+1 m—j 1
_mfl m—j+1
B k

k=1
B mi“ m—j+1\\ _,
B k

k=0
:2mfj+1_1

)

where in the last equality we used the identity Zi]\i() (]Z/ ) = 2V from the binomial theorem where

N =m — j + 1. Therefore we get

EDdegree(X) = Z(—l)j(mejJrl — 1) deg (¢;(X)),

J=0

proving the result. |

5.5 Polyhedral Norm Distance Degree

We will be using [10, Chapter 5] to discuss the distance optimization problem with respect to
polyhedral norm. Our main goal for this chapter is to introduce the polyhedral norm optimization,
explaining the main idea of the algorithm to solve it and finally prove that its complexity is
governed by multidegree using the characterization we have proved in Theorem 5.17. Afterwards
in Section 6, we are going to introduce polyhedral norms more carefully.

First note that the Euclidean distance optimization problem given in (32) can be restated such
that

minimize||x — ul| subject to x € Y. (34)

In (32) we have used the Euclidean norm ||-||, however we are not restricted to using only Euclidean
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norm. Let B = {x € R" | ||x|| < 1} be the unit ball, our main interest is to use a polyhedral
norm which is a norm whose unit ball B is centrally symmetric polytope. Conversely for every
centrally symmetric polytope P containing the origin in R” there is a norm ||-|| such that its unit
ball B = P [18, Lemma 2.10]. So after fixing centrally symmetric polytope B containing the origin

in R™ we will be working with every polyhedral norms.

Example 5.10 (Norm /). Denote the /,-norm as |[|-||~, recall that for x € R", ||z]| =
max{|z1],...,|z.|}, where |-| denotes the absolute value. For R? the unit ball B using /., norm is
a square with indices by = (1,1),by = (1,—1),b3 = (—1,1),bs = (=1, —1). Therefore the polytope
B = conv{by, by, b3, by} where conv denotes the convex hull. Hence the unit ball B is a square,

which is centrally symmetric polytope. A

After fixing the unit ball B for the polyhedral norm, we can restate the optimization problem

(34) as

minimize A subject to A > 0 and (u+ AB) NY # 0. (35)

Summation with u is the Minkowski sum, therefore it is the translation of AB. Scaling B with
A is the dilation defined by AB = {A\b € R" | b € B}. Therefore, informally (u+ AB) is a polytope
centered around u, where scaling A controls the size of B. The minimization in the (35) is needed

to find the smallest scalar A, such that it intersects the affine variety Y.

Example 5.11 (Norm /,, Optimization). Let Y = V(22 + 2% —1) and u; = (3,0), uy = (3,3). We
will do the optimization (34) visualizing with (35). First of all, since B is just a square, u; + B is

the translation seen in the Figure 32.

Figure 32: Blue square u; + B and red circle YV
The optimization 35 for the data point u; will be the minimum scalar A such that when the

blue square u; + B intersects the red circle Y in the Figure 32. The black point in the Figure 32
is the point that is optimized.
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Figure 33: Smallest A such that (w; + AB)NY # ()

Similarly for the data point uy, we can do the exactly the same as shown in the figure below.

Figure 34: Smallest A such that (us + AB)NY # ()

The key difference between u; and u, is the which face of the polytope B touching the variety
Y. JAN

Using the notation introduced in [10], we will write L for the linear span of the face I of the

polytope B in R™.

Example 5.12. Let B = conv{by, by, b3,bs} be the polytope square in R? defined in previous
Example 5.10 for the norm (... Given a vertex F' = b;, we write Lp = span{b;}. Given an edge
F = conv{b;, b;} of the polytope B, the Ly = span{b;,b;} = R?.

More generally, for any centrally symmetric polytope B, if the face F' has dimension j < n,
then Lg has dimension j 4+ 1, because the origin lies in the interior of B and the dimension of
convex hull is defined via the dimension of its affine hull. For instance, if F' is a vertex, then Lp
is the line through F' and the origin. If F' is a facet, then Ly = R" A

We will now introduce the main idea of the algorithm given in [10] to solve symbolically the
optimization problem (34) and connect its complexity with the multidegree, using the characteriza-
tion of it with polar degrees established in Theorem 5.17. For interested reader on full description
of the algorithm, we refer to [10, Section 5.1]. The key lemma that motivates the algorithm is the

following.
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Lemma 5.26. [10, Lemma 5.4] Suppose that Y is in general position. Given u € R", let x* be
an optimal solution of (34) and let \* be its optimal value. Then x* is unique, and the point
A—l* (x* —u) lies in the relative interior of a unique face F of the polytope B. Let (g be a linear
functional whose mazimum over B is attained on F'. Then, the optimal point X* can be recovered

as the unique solution of the optimization problem
minimize {p(X) subject tox € (u+ Lp)NY (36)

Using the lemma the main idea of the algorithm is the following: Using the discreteness of the
unit ball B, we solve the optimization problem (36) for each face F' of the polytope B. Among
all candidates, we will check which one is the closest to the data point u by checking whether the
point % (x* — u) lies in the relative interior of a unique face F' of the polytope B as given in the

Lemma above.

Remark 5.8. See that the complexity of the algorithm is governed by the number of faces of the

polytope B and the number of complex critical points of the optimization problem (36).

Our main theorem for this chapter is to prove [10, Theorem 5.5] using the description of polar
variety we have developed to show that (36) is related to the multidegree.

Recall that we had a description of polar variety P(X,V) when V was given as a kernel of a
matrix M in the Lemma. Furthermore when V' C H,, we could also write the description of affine
polar variety P(X, V)N A" which was the content of the Lemma 2.19.

Theorem 5.27. [10, Theorem 5.5] Let X C P™ be a projective variety and let Y = X NA™ be the
affine variety. Let L C R™ be a general affine-linear space of codimension j and ¢ be a general

linear form. The number of complex critical points of ¢ on LY is the multidegree 6;(X).

Remark 5.9. The statement we give in Theorem 5.27 has an indexing off by one. However the
reason for this is the multidegree we define in (17) start with indexing 0, however the multidegree
they define in [10, Equation (2.16)] start at indexing 1.

Proof. We are going to prove the statement by showing number of critical points is equal to the
polar degree fi,,,—;(X) and use the characterization in Theorem 5.17 to show that this is multidegree
9;(X).

Let ¢ denote the codimension and m denote the dimension of Y in A” and X in P". Say
the ideal defining Y is Iy = (fi,..., fs). Let L be defined by the ideal (kq,...,k;) where each
ki(z) = a® -2 — 9 with a € R", & = (21,...,7,), and ¢V € R are the scalars. Let {(z) =
121 + - -+ + ¢px, be the linear functional, denote C' = (¢y,...,¢,) € R™.

The critical points of £ on Y N L occur when V/ is linearly dependent on the gradients defining
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Y N L which is given by the ideal (fi,..., fs, k1, ..., k;j). Therefore the critical ideal I is

-[crit = <f1a-'~7fsak17""kj>+ <(C—|—]+1) X (C+]+1) minors (fj{/)>’

where M is (j+1) x n matrix whose rows are C,a"), ..., a9, The minors are taken from c+ 5+ 1
since for generic Y and generic L which has codimension ¢ and j their intersection will have
codimension ¢ + j, and the plus 1 is from the Lagrange Multipliers.

Because the linear form ¢ and the affine-linear space L are chosen to be general, their gradient

vectors are linearly independent, hence, the matrix M’ has full row rank j + 1.

10
Write the matrix M = 0 M and note that it satisfies P(ker M) C Ho, = V(zy), has full
row rank j+2 hence dimker M = (n+1)—(j+2) = n—j—1. After writing V := P(ker M) C H,
we see that dimV =n —j — 2 and P(X,V) is a (m — j)-th polar variety.
Since V := P(ker M) C H, we can use the lemma 2.19 to say that the ideal description of

affine polar variety P(X,V) N A" is

<f1,.~.,fs>+<(0+j+1) X (c+ 7+ 1) minors (/\af/>>

Intersecting this affine polar variety with codimension j affine linear subspace we get precisely the
critical ideal I, in other words the critical ideal defines (P(X,P(ker M))NA")NL. Let K = L

the projective closure of L. We can rewrite it as
(P(X, V)N K)nA"

By Corollary 2.13 we know that codimx P(X, V) = m—j, we have already defined codimp-(X) = ¢
therefore codimpn P(X,V) = m+c—j = n—j. By assumption codimpn K = j hence P(X, V)N K
are finitely many points and since they are in complementary dimensions this number is exactly
deg P(X,V) = py—j(X). Furthermore as everything in general position we have deg P(X,V) =
deg(P(X,V)NA™). Hence, the number of points defined in Iy is exactly p,—;(X) which is equal
to 0;(X) by the Theorem 5.17. [

Definition 5.11 (f-vector). [10, Definition 5.2] Let B C R"™ be a polytope. The f-vector of
Bis f(B) = (fo, f1,---, [a-1), where f; denotes the number of i-dimensional faces of B, for
0<1<n—1.

Corollary 5.28. [10, Corollary 5.6] If the variety Y is in general position, then the total number

of critical points of the optimization problem (34) while using the algorithm given in [10, Section
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5.1] arises from the f-vector of B and the multidegree of X. That number equals to
On—-1(X) - fo(B) + 6p—2(X) - f1(B) + -+ 60(X) - fu-1(B). (37)

Proof. The total number of critical points is ag - fo(B) + -+ + an_1 - fu_1(B), where «; is the
number of critical points of (36) for a face of dimension 1.

Fix a face F' of dimension 7, then the affine linear subspace L = u + L is dimension i + 1
since dim Lp = dim F' 4+ 1 and L is a translation. The codimension of L is n — 1 — ¢, hence using

the Theorem 5.27 we have a; = ,,_1_;. Therefore the total number of critical points is exactly
(37). [ |

6 Future Directions

In this section, we follow introduction given in [18] closely, and the main goal is to define higher-
order distance loci for polyhedral norms and showcase computations for curves in A3.

We have already started a discussion of polyhedral norms in Section 5.5. As before, let B
be our unit ball, Y C R™ be smooth codimension one variety given by V(f). In Section 5.5, we
assumed that B was a centrally symmetric, full dimensional polytope in R™. The polytope B
defines a norm ||| 5, in the following way.

Let £ C (R™)* be a finite set of linear functionals. Define the polyhedron B as

B={zeR" |V el lx)<1}.

Note that this is a polyhedron given in half-space representation, which contains the origin as well.
For the rest of the chapter, we are going to assume £ = —L so that for polyhedron also implies
B = — B which means it is centrally symmetric. We further assume £ also has linear functionals
such that B is bounded and full dimensional, which implies B is full dimensional polytope. Then

we define polyhedral norm as hy(x) = maxpe, £(x).

Example 6.1 (Norm /). We recalled in Example 5.10 that ||z||. = max{|z1]|,...,|zs|}. There-
fore £ for the {, norm is £ = {£zy,...,+x,}. Furthermore, its unit ball is the n-cube [—1, 1]".
A

Example 6.2 (Norm ¢;). The ¢; norm defined to be ||z|; = Y. |z;|. Its unit ball is called
the cross polytope, and for n = 3 the set of linear functionals £ for ¢; norm is given by £ =
{fzt+y+2),t@—y+2),£(@+y—2), L@@ -y-2)} A

Given a polytope B, we denote the set of proper faces as Fg, these are the faces such that
(), P ¢ Fp. A hyperplane H C R" is a supporting hyperplane of a polytope P at F'if HNB = F
for some F' € F and P C H" where H" := {z € R" | H(x) > 0}.
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Definition 6.1 (Inner normal cone). Given a full dimensional polytope B, we define C(B, F') as
the cone of all the inner normal vectors of the supporting hyperplanes H of B such that BNH = F.
For p € R", we denote C,(B, F) := p+ C(B, F) for the translation of it.

For a polytope B with face I’ we denote the B* for the dual polytope and F™ for the corre-
sponding dual face. For more details on polyhedras and polytopes, we refer reader to the textbook
on discrete geometry such as [39].

For the rest of this section, we assume Y is a smooth manifold embedded in R™ of dimension
m. Let u € R"\'Y be a data point. With these notations, we can write the distance optimization

problem for polyhedral norms as
minimize h(u — p) subject to p € Y. (38)

Denote d(u,Y) = min,ey he(u — p), note that this is the same question as the optimization
question, we defined in (35) in the Section 5.5.

Now we are going to ask the inverse problem of distance optimization question. For p € Y,
what are all the data points u € R™ such that the optimization problem (38) is minimized at the

point p. This motivates the definition of Voronoi cells:

Definition 6.2. [18, Definition 3.1] The Voronoi cell of p € Y with respect to polyhedral norm
hg is
Vory (p) :={u € R" | d(u,Y) = he(u —p)}.

This is the set of points in R™, whose closest point on the manifold Y with respect to the polyhedral

norm is p.

By Lemma 5.26, given v € R™\ 'Y, the optimization problem (38), is solved at the point y* € YV’

for a unique face F. This motivates us to record the face where (38) is optimized at.

Definition 6.3. [18, Definition 3.2] Let Y be a variety and let N,Y denote the normal space of
Y at point p placed at the origin. Define the type of p € Y as:

Type(p) :={F € Fp | C(B,F)NN,Y # 0}.

Proposition 6.1. [18, Proposition 3.4] For a smooth real variety Y and p € Y, the Voronoi cell
satisfies
Vory (p) C U C,(B*, F").
FeType(p)
Remark 6.1. Although we are working with a polyhedral norm, the geometry of the Voronoi cell
and polyhedral distance optimization in particular, depends on the Euclidean normal space of the

manifold Y. This is because the definition of Type(p) requires the normal space N,Y.
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Remark 6.2. The Euclidean distance counterpart of the Proposition 6.1 is the [10, Proposition
8.2], where it states that Voronoi cell for Euclidean distance is contained in the set p+ N,Y which

is the normal space centered on p.

See that given u € R™ \ Y, the necessary condition of u being optimized with respect to
polyhedral distance at the point p € Y is u € | FeType(p) Op (B*, F*). This motivates us to define

the Voronoi cones.

Definition 6.4 (Voronoi Cone). Given a smooth manifold ¥ C R™ and a polyhedral norm with
unit ball B, we define Voronoi cone at the point p € Y as

VCone(p) := U C, (B, F")

FeType(p)

6.1 Higher Order Polyhedral Norm Loci

The idea of this subsection is to write the higher order analogs of the construction in previous
section. As everything is in the affine setting, we need to replace the definitions given in Section
4 by their affine versions. The content for the affine higher order normal space was discussed in
[31, 8. Higher-order distance degrees of affine morphisms].

Consider an algebraic morphism ¢ : A™ — A" therefore there exists o1,...,0, € C[ty,..., 1]
such that ¢ = (01,...,0,). Note that in Section 4, we started discussion for embeddings of the
form X — P", where X was a projective variety and built the theory of osculating spaces locally.

In this section, we work solely in affine space A", and our main variety is will be Y := p(A™) C A",

Similar to construction in Definition 4.5, we will write the k-th jet matrix as

1 0y,
AP () = (— z(p)) w, PEA™
? af Ot 12l <k
1<i<n

Note that the difference from the projective version is || does not start from 0. In other words,
the size of the matrix AI(,k)(go) is ((m]jk) — 1) x n. Therefore, the first row of A;E,k)(go) is not the
vector obtained by evaluating ¢ at point p. Similar to projective osculating spaces, the affine

analog is the following:

Definition 6.5. [31, Definition 8.1] For p € A™, the k-th order affine osculating space of ¢ at

o(p) € p(A™) is

T () = row AP ().

For generic p € A™ the dimension of T ]f(gp) is constant. Define the affine generic k-th order
osculating dimension to be my = rk Al(,k)(gp) for generic p € A™. Let Uy be the dense open subset
of the points p € A™ such that my is constant for generic p € A™. Therefore in the set Uy, the
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dimension of the k-th order osculating space is my = dim 7T, If (p). We say that morphism ¢ is
globally k-osculating if Uy = A™ and k-regular if it is k osculating and my, = (m]jk) -1

Remark 6.3. Note that Uy is the affine version of X} in the Definition 4.8. The affine osculating
space T;(gp) always passes through the origin. The affine generic k-osculating dimension m;, differs

by one from the projective generic k-osculating dimension defined via X} also denoted by my.

Example 6.3. Let Y C A" be a curve given by Y = ¢(A!). Assume that ¢ is k-regular, then
the dimension of the k-th osculating space is m;, = (m]jk) -1 = (1J,gk) — 1 = k. Therefore the

dimension of the k-th osculating space is k. A

In order to define the normal space at a point p, we pass to the compactification P* = A" U H,
and do the same construction of normal space in Definition 3.4. That is, given linear subspace

L C A" and a point p € A", the orthogonal complement of L passing through the p is
p+Lt:=(p+LE)NnA",

where L., = P(L) N Hy. This is exactly what we have done in the Example 3.8.

Definition 6.6. [31, Definition 8.2] For p € Uy, the k-th order normal space of (¢, Q) at ¢(p) is
1 n
Ny (9, Q) = (T (¢)) C A"

For k = 1, this is called the normal space of (¢, @) at p and denoted as N,(¢, Q).

We always work with () = Qgp, therefore the normal space Nlﬂ“(gp, () is the orthogonal com-
plement of the osculating space T;(gp). Therefore, we will drop the notation () from the definition

and write Nl’f(go) for the normal space at the point p passing through the origin.

Example 6.4. Continuing the Example 6.3, we have found the dim 7} If(gp) = my, = k for ¢ defining
a curve in R"”. Therefore the dimension of the normal space is dim N¥(p) = n —my = n — k.
Therefore, for a curve given by k-regular map ¢ : A! — A" where k = n — 1 always define one

dimensional normal space. A

The part where normal space was used in the polyhedral optimization question was in Type

and VCone. Therefore, we will define the higher order versions of it as follows.

Definition 6.7. Let ¢ : A™ — A" be a morphism. Define the k-th order type of p € p(A™) as
Type™ (p) = {F € F(B) | N, (9) N C(B, F) # 0}.

Definition 6.8. Let ¢ : A™ — A" be a morphism. Define the k-th order Voronoi cone at the
point p € p(A™) as

VCone™ (p) = U Cp(B*, F™).

FeType® (p)
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Similar to definition of higher order distance loci with respect to quadric @ given in [31,

Definition 4.6], we are going to define polyhedral analogue of it.

Definition 6.9 (Higher order Polyhedral distance loci). Let ¢ : A™ — A™ be a morphism where

Y = p(A™). Then we define the k-th order polyhedral distance loci is the set

PLi(p) = U VCone™ (p).

peY

Remark 6.4. Note that in [31, Definition 4.6] the higher order distance loci for Euclidean distance
was given by
U Ni(e, Q).
PEX]
Since the Voronoi diagram for Euclidean distance was contained in the normal space, this moti-

vated us to define the higher order polyhedral distance loci using VCone®) (p).

Example 6.5. Consider the real smooth curve X given by the image of the map t — (¢,t2,¢3).
Let the polyhedral norm be ¢, hence the unit ball is the three dimensional cube B = C}.

Recall that taking the dual of a polytope is an operation that interchanges the facets and
vertices. Therefore, the dual of the cube B is the cross polytope B*. Since (+1,+1,41) are the
8 vertices of the cube B the normal vectors of the cross polytope will be given by these 8 linear
functionals as in the Example 6.2.

We compute the second order polyhedral distance loci PL, in this example, using the geometry
of the cube B and its dual B* crosspolytope. Recall that in Example 4.14, we have showed the
general formula of the osculating plane for a general degree 3 curve in R?. Since the twisted cubic

curve is given by the coefficient vectors
@=(0,0,0),b=(1,0,0),é= (0,1,0),d = (0,0,1),

we obtain the equation for the second order osculating space passing through the origin at a fixed
t to be
(12¢%, —12t,4) - (v,,2) =0

where - denotes the dot product. The normal direction of the second order osculating plane is the
generator of second order normal space Ng( f), since we are using quadric Qgp. Therefore the

direction of the normal space for a fixed t is
(12t%, —12t, 4).

We subdivide the parameter space A! = R into intervals I; such that for each t € I;, the line
from the origin (0,0,0) to (12¢%, —12¢,4) intersects with the i-th face of the cross polytope B*.
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Since B is centrally symmetric, B* is also centrally symmetric. Therefore, if the lin intersects i-th
face, it also intersects the —i-th face. We use the geometry of cross polytope to subdivide R.

See that since for a fixed ¢ the line can be associated to a sign vector. That is, we take the sign
function component wise. Considering the vector (12t%, —12t, 4), the first and the last components
are positive for any ¢ € R. However for ¢ > 0 the sign vector is (+, —,+) and for the t < 0 the
sign vector is (+, +, +). Lastly in the case of ¢t = 0 we have the sign vector (0,0, +). Therefore we

have subdivided the parameter space R into
.[1 = (-O0,0), _[2 = {0}, I3 = (0,00)

For t € I; the only facet of the cross polytope it touches is the direction (+,4+,+) and (—, —, —),
this means for ¢ € I; we are going to attach the line in the direction of (1, 1,1). Similarly for ¢t € I3
the only facet of the cross polytope it touches is the direction (+, —,+) and (—, +, —), this means
for t € I3, we are going to attach the lines in the direction of (1, —1,1). Lastly for ¢t € Iy = {0}, the
line touches the vertex (0,0,1) and (0,0, —1) of the cross polytope. Note that, vertex (0,0, +1) of

the cross polytope has 4 facets supporting it, therefore the inner normal cone will be the cone

1 —1 1 —1
C' = cone T, 1 |, —-1f,]—-1
1 1 1 1

For the vertex (0,0, —1), we also have the cone —C. The figure we get without the cone C' and
—(C'is:

Figure 35: Distance Loci without C' and —C'

The figure obtained, when C' and —C' included is the following;:
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Figure 36: Distance Loci with C' and —C

In the figures above, the turquoise surface is generated by a pencil of lines with the parametric
equation
(,0) > (02, 0) + (1, 1, 1),

where u > 0 and v € R.
Similarly the purple surface in the figures above is generated by a pencil of lines with the
parametric equation

(u,v) = (u,w?,u’) + (1,1, 1o,

where ©v < 0 and v € R.

Furthermore, the reason looking at the signs worked in this example is that the dual of the cube
is the cross-polytope. Specifically, for the cross-polytope, each facet is a simplex that corresponds
to a specific sign vector.

Lastly, we note that the intersection of these surfaces yields the higher order analogue of the

medial axis for the polyhedral optimization problem. A

Remark 6.5. One possibility is to refine the definition of PLy(¢), where indexing is not all p € Y,
but varies accordingly with the dimension of VCone® (p). Note that this leads to a discussion
of the stratification of the Y into parts where the dimension of the Voronoi cone changes. For
details of codimension 1 manifolds with first order normal space we refer to [18, 4 Stratifica-
tion of Codimension-One Manifolds]. Here, although we are working with a curve rather than
codimension-one manifold, its n — 1th higher order normal space is also dimension 1 as discussed

in the Example 6.4. Therefore a similar approach can be applied.

Now we are going to introduce an ideal Jr defined in [18, 5 Medial Axis|]. Although, we do are
not going to get into the discussion of the medial axis, the ideal Jr will allow us to find a closed
subset with respect to Zariski topology that contains PL(p).

First, we define the ideal for k = 1 as given in [18]. Assume Y is a smooth codimension 1 affine
variety Y = V(f). Let F' € Fp(i) be a proper face of the unit ball B of codimension i. Then there
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is {{1,...,¢;} C L such that they define the face F'. Consider the ideal

Vf
\%4)

JFZ(f(x)>—|—<€1(x—u)—)\,...,€i(:c—u)—>\>+<(i+1)><(i+1)minorsof : >
Vi,

of Rlxy,...,Tp,u1,...,u,, A]. Note that if F' is a vertex, which has codimension i = n, then
the matrix in the minor condition would be (n + 1) x n a matrix; hence, there would be no
(n+ 1) x (n+ 1) minors. So Jr in this case it would not contain any determinantal equations.

Write Vi = span{V/y,...,V{;}. The minor condition in the ideal Jg is the condition that
N,Y C Vi equivalently N, Y NVp # () nontrivially. We note that the ideal J defines the geometric
set R” x R™ x R where p € Y, N,Y N Vg # (), and the value A\ € R gets the same value for each
supporting hyperplane of F'. Note that,

C(B, F) = cone{VEl, e V&} - span{Vﬁl, e V&} = VF,

therefore, the condition F' € Type(p) which is N,Y N C (B, F) # () implies N,Y N Vp # (. Hence
Jr is an ideal containing all correspondence between p, u, and A such that polyhedral optimization
is realized at the face F' with value .

Similarly, we are going to define J }k) that records higher order correspondence. We restrict
ourselves to curves Y = @(A!) given by morphism ¢ : A — A" that are (n — 1)-regular. As
discussed in the Example 6.4, we get the dimension of the second order normal space to be 1.
Write n,,—1(t) for the vector that depends on ¢, that gives the direction of the (n — 1)-th order
normal space. For example, for ¢ defining twisted cubic curve, no(t) = (12¢%, —12¢,4). Define J l(wk)

as

nn—l(t)
(o) —u) = A, . li(p(t) —u) — A) + <(z +1) x (i + 1) minors of V:& > :
V¢,

Now similarly to the Jp this ideal defines a geometric set R x R"™ x R such that t € A!, where

(n — 1)-th order normal space N;”‘l)( f) intersects nontrivially
N}Snil)(f) N VF % ®7

and supporting hyperplanes of face F" all get the same value. Similar to the previous case, we have
the condition F € Type” *(p) which is N\" VY N C(B, F) # 0 implies NJ* VY N Vi # (). Define
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JOD = Nper, J ("1 Now we will eliminate the variables ¢ and A to define
79 = JO D A R[uy, .. ).

The real variety V(I("~V) is the algebraic closure of the set u € R", such that there is a face
F € Fp, and linear functionals {¢y,...,¢;} C L defining F' we have

Ng_1<f) NVg # 0.

and they all have the same value A, at the same point ¢(t) for some ¢ € Al.

Theorem 6.2. Let ¢ : A — A", be (n — 1)-reqular algebraic morphism. Let n,_1(t) be the vector
that depends on variable t that gives the direction of the (n — 1)-th order normal space N;?;l)(go)
at o(t) . Given a proper face F € Fg, with {{1,...,0;} C L linear functionals defining F, define

the ideal

nnfl(t)
(n—1) — _ o ) N . . . . Vfl
Jp (G(p(t) —u) =N o (o) —u) = A) + ( (i + 1) x (i + 1) minors of :
Vi,

in R[t,u1,...,un, . Define J®Y = Nrer, Jl(pn_l) and define the eliminated ideal 1"~ =
JOD ARy, . .., u,]. Then we have

PLua(p) S VITY).

Proof. First of all, since B is a polytope, there is a vertex representation of it, say {vy,...,vx} C
B C R™ is the minimal set of points in B such that B is the convex hull B = conv{vy,..., v}

Now by definition PL,1(¢) = U,cps VCone(gp(t)). Let u € PL,_1(p), then there is t € A
such that « € VCone™ Y (p) where p = ¢(t). Therefore there exist F' € Type™ Y (p), such that
u € Cy(B*, F*), which means v —p € C(B*, F*). Let {(y,...,¢;} C L be the linear functionals
defining the face F, and let {vj,,...v;, } C {v1,...,v;} be the minimal subset of vertices of B,
where the face F' is the convex hull of these points F' = conv{vj,,...v;,, }. Note that by definition
any linear functional ¢ € {¢y,...,¢;}, evaluates to 1 in the vertex set of F', that is ¢(v) = 1 where
v e {vj,...v}

Since taking dual of a polytope B changes vertices to facets, and facets to vertices, we
have C(B*, F*) = cone{vj,,...v;,, } therefore u —p = \v;, + -+ + \,v;, for some coefficients
ALy ...y Am > 0. Note that for any linear functional ¢ € {¢;,...,¢;} we have

l(u—p) =LA, + -+ Anvj,) = Ml(v,) + -+ Xpl(v;,,) = A+ + A

117



This argument shows u — p € C(B*, F*) implies that there exists a scalar A, such that for all
j=1,...4, we have £;(¢(t) — u) = . Furthermore, since F' € Type™ " (p) by definition we have
N"Y(p)NC(B, F) # 0 which implies N\" ™" () N Vi # 0 where Vi = span{V{1,...,V{;}. This
shows that (¢,u, \) € V(Jl(pn_l)) C V(J=D), therefore after eliminating the variables t and \ we
get u € V(I("=D), |

Example 6.6. We did a calculation of J }2) for each proper face F' € Fp for the twisted cubic
curve example. Using Julia programming language [8] with OSCAR package [26, 12] package, we

used algorithm below:

using Oscar
R, (t, ul, u2, u3, lambda) = polynomial_ring(QQ, [:t,:ul,:u2,:u3,:lambdal)
B = cube(3)
phi = [t,t72,t73] #twisted cubic curve example
u = [ul,u2,u3] #data point
n2 = matrix(R, 1,3, [12t"2 , -12t , 4]) #second order normal space direction
list_of_ideals = []
A, b = halfspace_matrix_pair(facets(B))
L = [A[i, :] / bl[i] for i in 1:length(b)]
for d in 0:(Oscar.dim(B)-1) #iterating over all proper faces of B
for F in faces(B,d)

LF =1
for 1 in L #finding the linear functionals for the face
if all(dot(l, v) == 1 for v in vertices(F))
push!(L_F, 1)
end
end

elem = ideal(R, [(dot(l, phi - u) - lambda) for 1 in L_F]) #first part
mat = vcat(n2, matrix(R, [1 for 1 in L_F]))
deter = ideal(R, minors(mat, length(L_F) + 1)) #determinantal part

= elem + deter
eliminate (J_F, [t,lambdal])

H G
|

println(vertices(F))
println(gens(I_F))

println ()
push!(list_of_ideals, I_F)
end
end
datalocus = reduce(intersect, list_of_ideals)

println(gens (datalocus))

Due to the full dimensional cones centered at the origin as in the Example 6.5, variety V(1)
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is the whole space A3. After not using the facets in the iteration (which is just changing “Os-
car.dim(B) -1” to “Oscar.dim(B) -2”) we get a nontrivial set defined by only one polynomial with

variables wuq, uy and wug:

(ug — u3)(u? + 3utuy + 3uyus — uyuy — urus + ui — 2ui — Sugus — ul)
(u} — 3ufug + Buguy — ugus + uyug — ui + 2uy — 3uguz + u3)
(uf + 3ufug — 2u3 + 3ujuz + ugug — Sujuz + us + 2uy — uguz + 2ug — uz — 2uz)(uy + us)

(U — 3udug +2u3 + 3uyus +uy ug +Suyuz — Ui — 2us — ugus — 2y +uj — 2us) (ug —us) (ug +uz) = 0.

Note that there are 8 factors of this polynomial. If we plot everything together we get the

following figure:

5

Figure 37: Without the facet computation of V(7))

If we plot without the linear components, we get the following figure instead:
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-5

Figure 38: Without the linear components

Note that four of the non-linear factors, define almost identical pieces, and can be thought as

ruled surfaces for the twisted cubic curve. YA

Remark 6.6. Note that in the proof of the Theorem 6.2, we did not not have to use all the proper
faces F' € Fp, because, we only worked over faces F € Type™ Y (p(t)) for some t € Al. This
motivates us to refine the Theorem 6.2, by defining J"~1 not as intersection over all proper faces
Fi but a smaller subset of it Sp defined as Sp := {F € Fp | 3t € A', F € Type™ Y (¢(t))}. Then

we get the following corollary with the same proof as in the Theorem 6.2.

Corollary 6.3. Let p : A — A", be (n— 1)-regular algebraic morphism. Let n,_1(t) be the vector

that depends on variable t that gives the direction of the (n — 1)-th order normal space N(%;l)(go)

at o(t) . Given a proper face F' € Fg, with {{y,...,0;} C L linear functionals defining F, define
the ideal

nn—l(t)
(n—1) _ N _ o : : , Vi,
I (G(p(t) —u) =N .o (o) —u) = A) + { (1 4+ 1) x (i + 1) minors of :

VY,

in Rlt,uy,. .. un, A. Define J*™Y = Nres, JI(;n_l), where Sp == {F € Fp | 3t € AL F ¢
Type™ Y(p(t)}, and define the eliminated ideal ™V := JOV N\ R[uy, ..., u,]. Then we have

PLu1(0) S VI,
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Example 6.7. Note that for an (n — 1)-regular algebraic morphism ¢ : A’ — A" it is generally
not a straightforward computation to find the precise subset of faces Sp = {F € Fp | 3t €
AL F € Type™ D(p(t))}. We can use the setup in Example 6.5 to compute these intersections
and identify the corresponding faces.

Assuming the same setting as Example 6.5 for the twisted cubic curve and the 3-cube B. The
intersections for the condition of higher order normal space occurs at the vertices of the cube and
facets. By the central symmetry of the polytope B, antipodal vertices share the same eliminated
ideal.

For the vertices (1,1,1) and (=1, —1,—1), the eliminated ideal is generated by the polynomial

ui’ — 3u%u2 + 3u1u§ — U Uy + U U3 — ug’ + 2ug — 3uqus + ug
and for the vertices (1, —1,1) and (—1,1, —1), the eliminated ideal is generated by the polynomial,
ui’ + 3u%uz + 3u1u§ — ULUg — UL U3 + ug — 2u% — 3ugg — u%

Furthermore, intersection also happens at the 2-dimensional faces of the cube, given by ver-
tices {(—1,—1,-1),(1,—-1,—-1),(—1,1,-1),(1,1,—1)} (the z = —1 plane) and its opposite facet
{(-1,-1,1),(1,-1,1),(—1,1,1),(1,1,1)} (the z = 1 plane). However the eliminated ideal returns
the zero ideal (0). Therefore, like before in Example 6.5, the corresponding variety is the entire
ambient space A3, since inner normal cone is full dimensional. If we plot the zero loci of these two
polynomials obtained from the vertices, we get the geometric representation of the second-order

polyhedral distance loci, as shown in the figure below:

Figure 39: The second-order polyhedral distance loci for the twisted cubic curve.
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Also, one can also see that Figure 39, is the Zariski closure of the Figure 35. JAN

We now restrict the statement more. Recall that we initially defined

PLy-1(p) = ] VCone(p(t)).

teAl

We now subdivide A! into intervals depending on the codimension of the face F' € Type™ 1 ((2)).

We first subdivide the set of proper faces Fp by their codimension. Let ¢ € {1,...,n}, then
define Fp(i) = {F € Fp | codimF = i}, so that we have decomposition Fp = ., Fg(i).
Similarly, we can decompose the set Sp = {F € Fp | 3t € A' : F € Type™ VY (p(t))} as
Sp(t) = {F € Sp | codim F = i} to have the decomposition Sg = |J;_, Sg(7).

For each proper face F' € Fp, we define its corresponding parameter interval as Ap = {t € A! |
F € Type™ Y(p(t))}, then the set A(i) = Ures, (i) AF is a subset of A' such that the parameter ¢
is optimized at a face of codimension i. Therefore we can subdivide A® into regions A(1),..., A(n)
based on the codimension of the faces. Using this notation, we can also decompose the polyhedral

distance locus PL,,_1(¢p) into its corresponding codimension components as

PLua(p. i) = | VCone™ D (p(t)),
tEA(4)

which gives us the decomposition

Pﬁn—l (90) = U P‘Cn—l ((707 Z)
i=1
Now in order to not deal with the facets of the polyhedral ball B, we define truncated polyhedral

distance loci to be

PLyA(p) = JPLaa(p,0),
=2

so that
PLy-1(p) = PLpa(p, 1) U /P\Zn—l( ).
Theorem 6.4. Let Sp = UL, Sp(i), and J* Y .= Nres, J(” Vo and T = Jo-1)
Rluy, ..., uyl, then
PLu-1(0) € PLy1(p) € V(ITY)

where /752”_1@0) is the Zariski closure of ﬁn_l(go).

Proof. First note that first inclusion 73271_1(@) - ﬁn_l(go) follows from the definition of Zariski
closure. To show the second inclusion PL,_1(¢) € V(I™=1) it is enough to show the PL,_1(¢) C
V(f (n=1)) | because V(T (n=1)) is already closed in Zariski topology. Therefore it is enough to prove
PLu1(p) CVID),
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Let u € 752/”_1(@), then by definition there is an i € {2,...,n} such that u € PL,_1(p,1).
Therefore, there is a t € A(i) C A' such that v € VCone™ " (p), where p = (t). So there is a
codimension i face F where i # 1, such that F € Type™ Y (p), hence F € Sg.

Now by similar argument in the proof of Theorem 6.2, there is A € R such that (t,u,\) €
V(J& V). Since F € Sp, this implies (£, u, A) € V(JU™) € V(JD). Eliminating the variables
t and \, implies u € V(f (n=1)) which completes the proof. [ |
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